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Abstract. Let k be a finite field, a p-adic field or a number field. Let K be a finite extension
of the Laurent series field in m variables k((x1, ..., xm)). When r is an integer and ℓ is a prime
number, we consider the Galois module Qℓ/Zℓ(r) over K and we prove several vanishing theo-
rems for its cohomology. In the particular case when K is a finite extension of the Laurent series
field in two variables k((x1, x2)), we also prove exact sequences that play the role of the Brauer-
Hasse-Noether exact sequence for the field K and that involve some of the cohomology groups
of Qℓ/Zℓ(r) which do not vanish.
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1. Introduction
Let K be a field and let ℓ be a prime number different from the characteristic of K.
For each integer r, one can define the Galois module Qℓ/Zℓ(r) as :
Qℓ/Zℓ(r) := lim−→
n
Z/ℓnZ(r),
where :
Z/ℓnZ(r) :=
{
µ⊗rℓn , if r ≥ 0
Hom(µ
⊗(−r)
ℓn ,Z/ℓ
nZ), otherwise.
The Galois modules Qℓ/Zℓ(r) and their cohomology play an important role when one
wants to study the arithmetic of the field K.
The starting point of the present paper is the article [4], in which Jannsen deals with
the case when K is the function field k(X) of a curve X defined over a p-adic field or
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a number field k. When k is p-adic, he proves that the group H3(K,Qℓ/Zℓ(r)) vanishes
provided that r 6= 2, and when k is a number field, he proves that :
H3(K,Qℓ/Zℓ(r)) ∼=
⊕
π∈Ω∞
k
H3(K · khπ,Qℓ/Zℓ(r))
for r 6= 2 and that there is an exact sequence :
0→ H3(K,Qℓ/Zℓ(2))→
⊕
π∈Ωk
H3(K · khπ,Qℓ/Zℓ(2))→
⊕
v∈X(1)
Qℓ/Zℓ → Qℓ/Zℓ → 0. (1)
Here, Ωk (resp. Ω
∞
k ) stands for the set of places of k (resp. infinite places of k), k
h
π denotes
the henselization of k at π for π ∈ Ωk, and X
(1) is the set of codimension 1 points of X.
Since Jannsen’s work, the cohomology of the Galois module Qℓ/Zℓ(r) over fields of
arithmetico-geometrical nature has been studied by several authors. Indeed, when K is
the function field of a smooth variety of any dimension defined over a finite field, a p-adic
field or a number field, Kahn, Pirutka, Saito and Sato have proved several vanishing
theorems for the cohomology of Qℓ/Zℓ(r) (see [6], [10], [13]). Moreover, when K is the
function field of an n-dimensional smooth variety defined over a number field, Jannsen
has also generalized the injectivity of the first map in exact sequence (1) by proving that
there is a local-glocal principle for the group Hn+2 (K,Qℓ/Zℓ(n + 1)) (see [5]). Note that
all these results have found various arithmetical applications : for instance, they have
been used to study some properties of quadratic forms ([5]), of Bloch-Ogus complexes
([6]), of Chow groups ([13]) and of some birational invariants ([10]).
Given a field K and a prime number ℓ different from the characteristic of K, the
main goal of the present article consists in studying the groups Hd(K,Qℓ/Zℓ(r)) when
d is the cohomological dimension of the field K. The main case we are interested in is
the case when K is a finite extension of a Laurent series field in any number of variables
with coefficients in a finite field, a p-adic field or a totally imaginary number field. Note
that such fields naturally arise as completions of varieties at closed points. Geometrically
speaking, this means that, contrary to the cases previously studied by Jannsen, Kahn,
Pirutka, Saito and Sato, we are here interested in a field K that arises as the function
field of a singular scheme.
It turns out that our results also apply when K is a finite extension of a field of the
form k((x1, ..., xn))(y1, ..., ym) with k a finite field, a p-adic field or a totally imaginary
number field. They therefore vastly generalize the previous results of Jannsen, Kahn,
Pirutka, Saito and Sato for finite extensions of k(y1, ..., ym). The methods we use are
radically different from theirs and they provide a unified framework to study the Galois
cohomology of the modules Qℓ/Zℓ(r).
Organization of the article and main results
One of the main ingredients in this article is the Bloch-Kato conjecture, which states
that, for each field k, each prime ℓ different from the characteristic of k and each positive
integer m, the morphism induced by the cup-product :
H1(k,Z/ℓmZ(1))⊗n → Hn(k,Z/ℓmZ(n))
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is surjective. Note that the Bloch-Kato conjecture deals with each power of ℓ separately,
while we need to work with all the powers of ℓ simultaneously since we are interested in
the cohomology of Qℓ/Zℓ(r). The main goal of section 2 consists in revisiting the Bloch-
Kato conjecture in order to prove a statement taking into account all powers of ℓ at the
same time (theorem 2.8). This statement is of independent interest.
Now let n and d be non-negative integers and let k be a field of cohomological dimen-
sion d. In section 3, we are interested in the cohomology of the Galois module Qℓ/Zℓ(r)
when K is a finite extension of the Laurent series field in n variables over k. The main
theorem is an abstract result that, given an integer r, states the vanishing of the group
Hn+d(K,Qℓ/Zℓ(r)) provided that some conditions on the Galois cohomology of the base
field k are fulfilled (theorem 3.1). This theorem applies whatever the field k is and one
of the main ingredients of its proof is the variant of the Bloch-Kato conjecture proved in
section 2.
In section 3.2, we apply the previous abstract theorem to the specific situations in
which k is a finite field, a p-adic field or a number field. For example, we prove the
following theorem :
Theorem A. (Theorems 3.14 and 3.17)
Let ℓ be a prime number and let n be a non-negative integer. Let K be a finite extension of
the Laurent series field k((x1, ..., xn)) over a base field k. If k is a p-adic field or a totally
imaginary number field or if k is any number field and ℓ 6= 2, then Hn+2(K,Qℓ/Zℓ(r))
vanishes for all r 6∈ [1, n+ 1].
The proof is based on the abstract theorem 3.1 and it involves the Weil conjectures,
1-motives, p-adic Hodge theory and a local-global principle due to Jannsen. The results
of section 3 are actually far more general than theorem A, since they also apply when k
is finite or when K is a finite extension of k((x1, ..., xn))(y1, ..., ym). In this sense, they
generalize and unify previous results for finite extensions of k(y1, ..., ym). Moreover, our
results still hold when one replaces the Laurent series field k((x1, ..., xn)) by the fraction
field of any henselian, normal, excellent, local ring with finite residue field. Such a local
ring may have mixed characteristic.
Section 4 is devoted to the refinement of the results of section 3 in the particular case
when K is a finite extension of the Laurent series field in two variables k((x, y)) over some
base field k of cohomological dimension d. The main theorem of paragraph 4.1 is an abs-
tract result that, given an integer r, states the vanishing of the group Hd+2(K,Qℓ/Zℓ(r))
provided that some conditions on the Galois cohomology of the base field k are fulfilled
(theorem 4.1). Its proof is based on a careful study of the Brauer-Hasse-Noether exact
sequence for fields like C((x, y)) that has been proved in [3].
In paragraph 4.2, we apply the previous abstract theorem to the specific situations in
which k is a finite field, a p-adic field or a totally imaginary number field. In particular,
we prove the following theorem, which improves theorem A in the 2-dimensional case :
Theorem B. (Theorem 4.8)
Let k be a field and let ℓ be a prime number. Let K be a finite extension of the Laurent
series field in two variables over k.
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(i) If k is finite and if ℓ is different from the characteristic of k, then H3(K,Qℓ/Zℓ(r))
vanishes for all r 6= 2.
(ii) If k is a p-adic field or a totally imaginary number field or if k is any number
field and ℓ 6= 2, then H4(K,Qℓ/Zℓ(r)) vanishes for all r 6= 3.
The results of section 4.2 are in fact more general than theorem B, since they apply to
the fraction field of a geometrically integral, normal, henselian, excellent, 2-dimensional
k-algebra with residue field k whenever k is a finite field, a p-adic field or a totally ima-
ginary number field.
Finally, paragraph 4.3 is devoted to the study of those cohomology groups of Qℓ/Zℓ(r)
which do not always vanish in the case when K is a finite extension of the Laurent
series field in two variables k((x, y)) over some base field k. The main result is corollary
4.12 : it settles several exact sequences which involve those groups and which should be
understood as Brauer-Hasse-Noether exact sequences for the field K. In the case when
k is finite, this allows us to recover a result of Saito (theorem 5.2 of [12]). When k is a
p-adic field or a number field, we obtain several new results :
Theorem C. (Corollaries 4.16 and 4.18 and 4.20)
Let k be a field and let ℓ be a prime number. Let K be a finite extension of the Laurent
series field in two variables k((x, y)) over k and assume that k is algebraically closed
in K. Denote by X the spectrum of the integral closure of the formal power series ring
k[[x, y]] in K.
(i) Assume that k is a p-adic field. Then we have an exact sequence :
0→ (Qℓ/Zℓ)
ρ → H4(K,Qℓ/Zℓ(3))→
⊕
v∈X(1)
H4(Kv ,Qℓ/Zℓ(3))→ (Br k){ℓ} → 0
for some ρ ≥ 0 which can be bounded by some geometrical invariants associated
to K.
(ii) Assume that k is a totally imaginary number field or that k is any number field
and ℓ 6= 2. We have an exact sequence :
0→ D → H4(K,Qℓ/Zℓ(3))→
⊕
v∈X(1)
H4(Kv ,Qℓ/Zℓ(3))→ (Br k){ℓ} → 0
for some divisible group D.
(iii) Assume that k is any number field. For π ∈ Ωk, denote by k
h
π the henselization
of k at π and by Khπ the field K ⊗k k
h
π. Then there exists a natural complex CK :
(degree 1) (degree 2) (degree 3) (degree 4)
0 // H4(K,Qℓ/Zℓ(3)) //
⊕
π∈Ωk
H4(Khπ ,Qℓ/Zℓ(3)) //
⊕
v∈X(1)
Qℓ/Zℓ // Qℓ/Zℓ // 0
(2)
whose homology satisfies the following properties :
(a) the groups H3(CK) and H
4(CK) are trivial ;
(b) the groups H1(CK) and H
2(CK) can be precisely controlled thanks to some
geometrical invariants related to the combinatorics of the singularities attached
to the field K ;
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(c) the group H2(CK) is isomorphic to (Qℓ/Zℓ)
ρ for some ρ ≥ 0 ;
(d) the group H1(CK) has finite exponent.
Part (iii) of the previous theorem should be seen as a generalization of Jannsen’s exact
sequence (1) to the field K.
Some general notations
• When k is a field, ks stands for a separable closure of k. When k′/k is a finite field
extension and M is a Galois module over k′, the notation Ik′/k(M) stands for the
corresponding induced module.
• When A is an abelian group, n is a positive integer and ℓ is a prime number, nA
stands for the n-torsion subgroup of A, A{ℓ} is the ℓ-primary torsion subgroup of
A and TℓA is the projective limit lim←−n ℓ
nA.
• When A is a topological group, AD stands for the group of continuous homomor-
phisms from A to Q/Z.
• A topological Zℓ-module A is said to be pseudo compact if it is Hausdorff and
complete and it has a basis of neighborhoods of 0 comprised of submodules A′
of A such that A/A′ has finite length. When A and B are pseudocompact Zℓ-
modules, A⊗ˆZℓB denotes the completed tensor product of A and B. For more
details on this notion, see chapter VIIB of [1].
2. Passing to the limit in the Bloch-Kato conjecture
2.1 A modified tensor product for torsion groups
This section is devoted to the definition of a modified tensor product for torsion
groups.
Definition 2.1. Let ℓ be a prime number and r a positive integer. Let A and B be two
ℓ-primary torsion abelian groups. Define :
A⊠B :=
(
AD⊗ˆZℓB
D
)D
,
A⊠r := A⊠ ...⊠A (r times).
By convention, we let A⊠0 := Qℓ/Zℓ.
Observe that, in the previous definition, A and B are endowed with the discrete topo-
logy. The groups AD, BD and AD⊗ˆZℓB
D are therefore profinite, and the group A⊠B is
discrete.
The following lemma summarizes some formal properties of the operation ⊠ :
Lemma 2.2. Let ℓ be a prime number.
(i) Let A be an ℓ-primary torsion abelian group. There is a canonical isomorphism :
A⊠Qℓ/Zℓ ∼= A. (3)
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(ii) Let (Ai) and (Bj) be filtrant direct systems of ℓ-primary torsion abelian groups.
There is a canonical isomorphism :
(lim
−→
i
Ai)⊠ (lim−→
j
Bj) ∼= lim−→
i,j
(Ai ⊠Bj). (4)
(iii) Let A, B and C be three ℓ-primary torsion abelian groups. There is a canonical
isomorphism :
(A⊠B)⊠C ∼=
(
AD⊗ˆZℓB
D⊗ˆZℓC
D
)D
. (5)
In particular :
(A⊠B)⊠ C ∼= A⊠ (B ⊠ C).
(iv) Let Aℓ be the category of ℓ-primary torsion abelian groups, and let A be an object
of Aℓ. The category Aℓ has enough injectives and the functor FA := − ⊠ A is a
covariant left-exact functor from Aℓ into itself. Hence one may define the derived
functors Toriℓ(−, A) := R
iFA.
Remark 2.3.
(i) In the sequel, we will use the notation A⊠B ⊠ C.
(ii) If A is an ℓ-primary torsion abelian group, the functor − ⊠A may not be right-
exact. For instance, multiplication by ℓ on Qℓ/Zℓ is surjective but multiplication
by ℓ on Z/ℓZ ∼= Qℓ/Zℓ ⊠ Z/ℓZ is not.
(iii) Similarly to the case of the usual tensor product, one can prove the following
properties :
a) if A and B are two ℓ-primary torsion abelian groups, then Toriℓ(A,B) = 0 for
i ≥ 2 ;
b) if A and B are two ℓ-primary torsion abelian groups, then there is a natural
isomorphism Tor1ℓ(A,B)
∼= Tor1ℓ (B,A) ;
c) Tor1ℓ (Z/ℓ
nZ,Z/ℓmZ) = Z/ℓmin{m,n}Z.
Proof. (i) We have canonical isomorphisms :
A⊠Qℓ/Zℓ ∼=
(
AD⊗ˆZℓZℓ
)D ∼= (AD)D ∼= A.
(ii) Since ⊗ˆZℓ commutes with inverse limits, we have canonical isomorphisms :
(lim
−→
i
Ai)⊠ (lim−→
j
Bj) ∼=
(
lim
←−
i
(ADi )⊗ˆZℓ lim←−
j
(BDj )
)D
∼=
(
lim
←−
i,j
(ADi ⊗ˆZℓB
D
j )
)D
∼= lim−→
i,j
(Ai ⊠Bj).
(iii) We have canonical isomorphisms :
(A⊠B)⊠ C ∼=
(((
AD⊗ˆZℓB
D
)D)D
⊗ˆZℓC
D
)D
∼=
(
AD⊗ˆZℓB
D⊗ˆZℓC
D
)D
.
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(iv) The category Aℓ has enough injectives since every ℓ-primary torsion abelian
group embeds in a divisible ℓ-primary torsion abelian group. Let’s now prove that
the functor FA is left-exact. To do so, consider an exact sequence of ℓ-primary
torsion abelian groups :
0→ B1 → B2 → B3 → 0.
Since B1, B2 and B3 are discrete torsion groups, we get a dual exact sequence :
0→ BD3 → B
D
2 → B
D
1 → 0.
The functor −⊗ˆZℓA
D is right-exact, so that we obtain an exact sequence :
BD3 ⊗ˆZℓA
D → BD2 ⊗ˆZℓA
D → BD1 ⊗ˆZℓA
D → 0.
Since all the groups in the previous exact sequence are profinite, we get a dual
exact sequence :
0→ B1 ⊠A→ B2 ⊠A→ B3 ⊠A.
In the sequel, we will often consider the group A⊠B when A and B are ℓ-primary torsion
Galois modules over a field k. In that case, note that the ℓ-primary torsion group A⊠B
is naturally endowed with the structure of a Galois module over k. Moreover, for each
integer i, isomorphism (3) induces an isomorphism of Galois modules :
A⊠Qℓ/Zℓ(i) ∼= A(i),
and isomorphisms (4) and (5) are isomorphisms of Galois modules.
We finish this paragraph with two technical lemmas which will be useful in section
3 :
Lemma 2.4. Let ℓ be a prime number and let k be a field with characteristic different
from ℓ. Let A,B,C,D be four ℓ-primary torsion Galois modules over k. Let N be a
positive integer. We make the following assumptions :
(1) the Galois module A is divisible ;
(2) we have an exact sequence of Galois modules :
0→ A→ B → C → 0; (6)
(3) for each j ∈ {0, ..., N}, the abelian group Hd(k,A⊠j ⊠ C⊠N−j ⊠ D) has finite
exponent.
Then the group Hd(k,A⊠j1⊠B⊠j2⊠C⊠j3⊠D) has finite exponent for all triples (j1, j2, j3)
such that j1 + j2 + j3 = N .
Proof. We proceed by induction on j2 :
• The case j2 = 0 is assumption (3).
• Assume that we have proved the lemma for some j2. Let j1 and j3 be non-negative
integers such that j1 + (j2 + 1) + j3 = N . Since A is divisible, exact sequence (6)
is split as a sequence of abelian groups. But ⊠ is compatible with direct sums, so
7
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we can apply the functor − ⊠
(
A⊠j1 ⊠B⊠j2 ⊠ C⊠j3 ⊠D
)
to exact sequence (6)
and we get the following exact sequence of Galois modules :
0→ A⊠j1+1⊠B⊠j2⊠C⊠j3⊠D → A⊠j1⊠B⊠j2+1⊠C⊠j3⊠D → A⊠j1⊠B⊠j2⊠C⊠j3+1⊠D → 0.
(7)
By assumption, the groups
Hd(k,A⊠j1+1 ⊠B⊠j2 ⊠ C⊠j3 ⊠D) and Hd(k,A⊠j1 ⊠B⊠j2 ⊠ C⊠j3+1 ⊠D)
have finite exponent. Hence it follows from exact sequence (7) that the abelian
group Hd(k,A⊠j1 ⊠B⊠j2+1 ⊠ C⊠j3 ⊠D) has finite exponent.
Lemma 2.5. Let ℓ be a prime number and let k be a field with characteristic different
from ℓ. Let A,B,C,D be four ℓ-primary torsion Galois modules over k. Let N be a
positive integer. We make the following assumptions :
(1) the Galois module A has finite exponent ;
(2) we have an exact sequence of Galois modules :
0→ A→ B → C → 0; (8)
(3) the abelian group Hd(k,C⊠N ⊠D) has finite exponent.
Then the group Hd(k,B⊠j2⊠C⊠j3⊠D) has finite exponent for all pairs (j2, j3) such that
j2 + j3 = N .
Proof. We proceed by induction on j2 :
• The case j2 = 0 is assumption (3).
• Assume that we have proved the lemma for some j2. Let j3 be a non-negative
integer such that (j2 + 1) + j3 = N . Since the functor −⊠
(
B⊠j2 ⊠ C⊠j3 ⊠D
)
is
left-exact, we get an exact sequence :
0→ A⊠B⊠j2⊠C⊠j3⊠D → B⊠j2+1⊠C⊠j3⊠D→ B⊠j2⊠C⊠j3+1⊠D → Tor1ℓ (A,B
⊠j2⊠C⊠j3⊠D).
Since the group Tor1ℓ (A,B
⊠j2 ⊠ C⊠j3 ⊠ D) has finite exponent, we deduce that
there are two Galois modules I and J and two exact sequences of Galois modules :
0→ A⊠B⊠j2 ⊠ C⊠j3 ⊠D → B⊠j2+1 ⊠ C⊠j3 ⊠D → I → 0, (9)
0→ I → B⊠j2 ⊠C⊠j3+1 ⊠D → J → 0, (10)
such that J has finite exponent. But, by assumption, the group Hd(k,B⊠j2 ⊠
C⊠j3+1 ⊠ D) has finite exponent. Hence it follows from exact sequences (9) and
(10) that the group Hd(k,B⊠j2+1 ⊠ C⊠j3 ⊠D) has finite exponent.
2.2 A consequence of the Bloch-Kato conjecture
When ℓ is a prime number and K is a field of characteristic different from ℓ, the
Bloch-Kato conjecture states that the morphism induced by the cup-product :
H1(K,Z/ℓrZ(1))⊗N → HN (K,Z/ℓrZ(N))
is surjective for any positive integers r and N . In this section, we prove a statement that
allows one to deal with all possible values of r at the same time. For this purpose, we
will need to use the operation ⊠ that has been introduced in the previous section.
8
2 Passing to the limit in the Bloch-Kato conjecture2.2 A cons quence of the Bloch-Kato conjecture
Lemma 2.6. Let ℓ be a prime number, N a positive integer and A an ℓ-primary torsion
abelian group. For each s ≥ 1, there is a natural isomorphism :
ℓs(A
⊠N ) ∼= (ℓsA)
⊠N .
Moreover, if t ≥ s, the injection ℓs(A
⊠N ) →֒ ℓt(A
⊠N ) is identified to the morphism
(ℓsA)
⊠N → (ℓtA)
⊠N induced by the injection ℓsA →֒ ℓtA.
Proof. There are natural isomorphisms :
ℓs
(
A⊠N
)
∼= ℓs
[(
(AD)⊗ˆZℓN
)D]
∼=
[(
(AD)⊗ˆZℓN
)
/ℓs
]D
∼=
[((
AD
)
/ℓs
)⊗ˆZℓN]D ∼= [((ℓsA)D)⊗ˆZℓN
]D
∼= (ℓsA)
⊠N .
The second part of the statement can be easily checked by following the injection ℓs(A
⊠N ) →֒
ℓt(A
⊠N ) through the previous isomorphisms.
Lemma 2.7. Let ℓ be a prime number and N a positive integer. Let A be an ℓ-primary
torsion abelian group and As the ℓ
s-torsion subgroup of A for each s ≥ 1. Denote by is,t
the morphism (As)
⊠N → (At)
⊠N induced by the injection As →֒ At when t ≥ s. Assume
that A is divisible.
(i) Let t ≥ s ≥ 1 be integers. One can define a morphism :
fs,t : A
⊗N
s → A
⊗N
t
in the following way : for a1, ..., aN ∈ As, one sets :
fs,t(a1 ⊗ ...⊗ aN ) = ℓ
t−s(b1 ⊗ ...⊗ bN )
where each bi ∈ At satisfies the equality ℓ
t−sbi = ai.
(ii) There are natural isomorphisms :
ϕs : (As)
⊗N → (As)
⊠N
such that the following diagram commutes :
(As)
⊗N ϕs //
fs,t

(As)
⊠N
is,t

(At)
⊗N ϕt // (At)
⊠N
(11)
for all t ≥ s ≥ 1.
Proof.
(i) Note first that, given a1, ..., aN ∈ As, one can always find b1, ..., bN ∈ At such that
ℓt−sbi = ai for i ∈ {1, ..., N} since A is divisible. Moreover, if b
′
1, ..., b
′
N are other elements
of At such that ℓ
t−sb′i = ai for i ∈ {1, ..., N}, then :
ℓt−s(b1 ⊗ ...⊗ bN ) = (ℓ
t−sb1)⊗ b2 ⊗ ...⊗ bN
= (ℓt−sb′1)⊗ b2 ⊗ ...⊗ bN
= ℓt−s(b′1 ⊗ b2 ⊗ ...⊗ bN ),
and by repeating this argument, a simple induction shows that ℓt−s(b1 ⊗ ... ⊗ bN ) =
ℓt−s(b′1 ⊗ ...⊗ b
′
N ). This proves that fs,t is well-defined.
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(ii) By the universal property of ⊗ˆZℓ , for each s > 0, there are natural isomorphisms :
(As)
⊠N ∼=
[(
(As)
D
)⊗ˆZℓN]D ∼= Multc((As)D × ...× (As)D,Z/ℓsZ), (12)
where Multc stands for the set of continuous multilinear maps. Consider the morphism :
ϕ′s : (As)
⊗N → Multc(A
D
s × ...×A
D
s ,Z/ℓ
sZ)
which maps a1⊗...⊗aN to the multilinear map f ∈ Multc(A
D
s ×...×A
D
s ,Z/ℓ
sZ) defined as
follows : if g1, ..., gN ∈ Homc(As,Z/ℓ
sZ), then f(g1, ..., gN ) = g1(a1)...gN (aN ) ∈ Z/ℓ
sZ.
Let’s check that ϕ′s is an isomorphism. By the structure theorem of abelian groups with
finite exponent, As is a direct sum of cyclic groups. Write As ∼=
⊕
i∈I Z/ℓ
αiZ with αi > 0
for each i and observe that, since A is divisible, all the αi have to be equal to s. Now
define the morphism :
ψs : (Z/ℓ
sZ)⊗N → Multc((Z/ℓ
sZ)D × ...× (Z/ℓsZ)D,Z/ℓsZ)
which maps b1⊗...⊗bN to the multilinear map f ∈ Multc((Z/ℓ
sZ)D×...×(Z/ℓsZ)D,Z/ℓsZ)
defined as follows : if g1, ..., gN ∈ Homc(Z/ℓ
sZ,Z/ℓsZ), then f(g1, ..., gN ) = g1(b1)...gN (bN ) ∈
Z/ℓsZ. By the compatibility of the operation ⊠ with direct sums, it is enough to prove
that ψs is an isomorphism to deduce that ϕ
′
s is also an isomorphism. But the groups
(Z/ℓsZ)⊗N and Multc((Z/ℓ
sZ)D × ...× (Z/ℓsZ)D,Z/ℓsZ) are both cyclic of order ℓs and
ψs maps the generator 1⊗...⊗1 of (Z/ℓ
sZ)⊗N to the generator f0 of (Z/ℓ
sZ)⊠N defined by
f0(idZ/ℓsZ, ..., idZ/ℓsZ) = 1 ∈ Z/ℓ
sZ. This proves that both ψs and ϕ
′
s are isomorphisms.
By composing ϕ′s with the isomorphism (12), we get a natural isomorphism :
ϕs : (As)
⊗N → (As)
⊠N .
All that remains to prove is the commutativity of diagram (11). For this purpose, it is
enough to prove that the diagram :
Multc(A
D
s × ...×A
D
s ,Z/ℓ
sZ)
js,t

A⊗Ns
ϕ′s
∼=
oo
fs,t

Multc(A
D
t × ...×A
D
t ,Z/ℓ
tZ) A⊗Nt
ϕ′t
∼=
oo
(13)
commutes. Here, the left vertical morphism js,t is induced by the injection As →֒ At and
by the injection ψs,t : Z/ℓ
sZ →֒ Z/ℓrZ sending 1 to ℓr−s.
Take any a1, ..., aN ∈ As and choose b1, ..., bN ∈ At such that ℓ
t−sbi = ai. We then
compute :
js,t(ϕ
′
s(a1 ⊗ ...⊗ aN )) :(g1, ..., gN ) ∈ A
D
t × ...×A
D
t 7→ ψs,t(ψ
−1
s,t (g1(a1))...ψ
−1
s,t (gN (aN ))),
ϕ′t(fs,t(a1 ⊗ ...⊗ aN )) :(g1, ..., gN ) ∈ A
D
t × ...×A
D
t 7→ ℓ
t−sg1(b1)...gN (bN ).
One easily checks that, if c1, ..., cN are elements in Z/ℓ
tZ, then :
ψs,t(ψ
−1
s,t (ℓ
t−sc1)...ψ
−1
s,t (ℓ
t−scN )) = ℓ
t−sc1...cN .
Hence js,t ◦ ϕ
′
s = ϕ
′
t ◦ fs,t, and the commutativity of (13) is proved.
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Theorem 2.8. Let ℓ be a prime number and let K be a field with characteristic different
from ℓ. Let N be a positive integer. Then there exists a surjection of abelian groups :
H1(K,Qℓ/Zℓ(1))
⊠N → HN (K,Qℓ/Zℓ(N)).
Proof. Let A be the abelian group H1(K,Qℓ/Zℓ(1)) and set As = ℓsA for each s ≥ 1.
One has an exact sequence :
H0(K,Qℓ/Zℓ(1))
δ0s−→ H1(K,Z/ℓsZ(1))→ A
·ℓs
−→ A→ H2(K,Z/ℓsZ(1))→ H2(K,Qℓ/Zℓ(1)).
In this sequence, the group H2(K,Qℓ/Zℓ(1)) can be identified with the Brauer group of
K. We deduce that the morphism H2(K,Z/ℓsZ(1))→ H2(K,Qℓ/Zℓ(1)) is injective, and
we get an exact sequence :
H0(K,Qℓ/Zℓ(1))
δ0s−→ H1(K,Z/ℓsZ(1))→ A
·ℓs
−→ A→ 0. (14)
This implies that the group A is divisible and that there are natural isomorphisms :
As ∼= H
1(K,Z/ℓsZ(1))/Im(δ0s).
Hence, lemma 2.7 provides natural isomorphisms :
ϕs : (As)
⊗N → (As)
⊠N
for s ≥ 1 as well as morphisms is,t : (As)
⊠N → (At)
⊠N and fs,t : (As)
⊗N → (At)
⊗N for
t ≥ s.
Now observe that the Bloch-Kato conjecture shows that the morphism induced by the
cup-product :
∪ :
[
H1(K,Z/ℓsZ(1))
]⊗N
։ HN (K,Z/ℓsZ(N))
is a surjective morphism. Since the cup-product is compatible with the boundary maps
δ0s : H
0(K,Qℓ/Zℓ(1))→ H
1(K,Z/ℓsZ(1))
dN−1s : H
N−1(K,Qℓ/Zℓ(N))→ H
N (K,Z/ℓsZ(N)),
this induces a surjective morphism :
(As)
⊗N
։ HN (K,Z/ℓsZ(N))/Im(dN−1s )
which will still be denoted by ∪. Hence, for t ≥ s we have a diagram :
ℓs(A
⊠N )
∼= //
 _

(As)
⊠N
is,t

(As)
⊗Nϕs
∼=
oo ∪ // //
fs,t

(⋆)
HN (K,Z/ℓsZ(N))/Im(dN−1s )
js,t

ℓt(A
⊠N )
∼= // (At)
⊠N (At)
⊗Nϕt
∼=
oo ∪ // // HN (K,Z/ℓtZ(N))/Im(dN−1t )
(15)
in which :
• the right vertical morphism js,t is induced by the morphism of Galois modules
hs,t : Z/ℓ
sZ(N)→ Z/ℓtZ(N) defined by the formula hs,t(a1⊗ ...⊗aN ) = ℓ
t−s(b1⊗
...⊗ bN ) where each bi ∈ Z/ℓ
tZ(N) satisfies ℓt−sbi = ai ;
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• the left square is commutative by lemma 2.6 and the middle square is commutative
by lemma 2.7.
Let’s now prove the commutativity of the square (⋆) of diagram (15). For this purpose,
observe that (⋆) can be lifted to a diagram :
H1(K,Z/ℓsZ(1))⊗N
∪ // //
f˜s,t

HN (K,Z/ℓsZ(N))
j˜s,t

H1(K,Z/ℓtZ(1))⊗N
∪ // // HN (K,Z/ℓtZ(N))
(16)
in which :
• j˜s,t is induced by the morphism of Galois modules hs,t : Z/ℓ
sZ(N)→ Z/ℓtZ(N) ;
• f˜s,t is defined as follows : for a1, ..., aN ∈ H
1(K,Z/ℓsZ(1)) = K×/(K×)ℓ
s
, one
sets
f˜s,t(a1 ⊗ ...⊗ aN ) = ℓ
t−s([a˜1]⊗ ...⊗ [a˜N ]) ∈ H
1(K,Z/ℓtZ(1))⊗N
where each a˜i is an element of K
× that lifts ai and [a˜i] denotes the classe of a˜i in
H1(K,Z/ℓtZ(1)) = K×/(K×)ℓ
t
.
Hence we only need to prove the commutativity of diagram (16).
To do so, take any a1, ..., aN ∈ H
1(K,Z/ℓsZ(1)) and let a˜1, ..., a˜N ∈ K
× be liftings
of the ai’s. For each i ∈ {1, ..., N}, choose ρi ∈ K
s an ℓt-th root of a˜i and define the
homogeneous cocycle :
βi : Gal (K
s/K)2 → Z/ℓtZ(1),
(σ0, σ1) 7→
σ0(ρi)
σ1(ρi)
.
Then the cohomology class [a˜i] ∈ H
1(K,Z/ℓtZ(1)) is represented by βi and the cohomo-
logy class ai is represented by the homogeneous cocycle :
αi : Gal (K
s/K)2 → Z/ℓsZ(1),
(σ0, σ1) 7→ βi(σ0, σ1)
ℓt−s .
We deduce that j˜s,t(a1 ∪ ... ∪ aN ) and ∪(f˜s,t(a1 ⊗ ...⊗ aN )) are both represented by the
homogeneous cocycle :
(σ0, ..., σN ) ∈ Gal (K
s/K)N+1 → ℓt−sβ1(σ0, σ1)⊗β2(σ1, σ2)⊗...⊗βN (σN−1, σN ) ∈ Z/ℓ
tZ(1).
Hence, j˜s,t(a1∪ ...∪aN ) = ∪(f˜s,t(a1⊗ ...⊗aN )), and diagram (16) commutes. By passing
the surjective morphism :
ℓs(A
⊠N )
∼=
−→ (As)
⊠N ϕ
−1
s
−−→ (As)
⊗N
։ HN (K,Z/ℓsZ(N))/Im(dN−1s )
to the direct limit on s, we get the desired surjection of Galois modules :
H1(K,Qℓ/Zℓ(1))
⊠N → HN (K,Qℓ/Zℓ(N)),
because lim
−→s
HN−1(K,Qℓ/Zℓ(N))/ℓ
s = 0 and hence lim
−→s
Im(dN−1s ) = 0.
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3. Vanishing theorems in Galois cohomology
3.1 An abstract vanishing theorem
In this section we fix a perfect field k and a non-negative integer M . We also consider
a commutative, local, normal, henselian, excellent, M -dimensional ring R with residue
field k. For instance, R could be the henselization or the completion of the local ring at
a closed point of a normal k-variety or, more generally, of a normal finite type scheme
defined over an excellent ring. Note that the ring R may have mixed characteristic.
In the sequel, we let Rsh be the strict henselization of R and we set X = Spec R and
X sh = Spec Rsh. Note that the schemes X and X sh may be singular.
Theorem 3.1. Let d ≥ 1 and r be two integers and ℓ a prime number different from the
characteristic of k. Let f : Y → X be a proper dominant morphism such that the scheme
Ysh := Y ×X X
sh is integral and regular. Let N be the dimension of the generic fiber of
f and make the following two assumptions :
(H1) The field k has ℓ-cohomological dimension d.
(H2) For each j ∈ {0, ...,M +N}, each finite extension k′ of k and each semi-abelian
variety G over k′, one has :
Hd(k′, G(ks){ℓ}⊠j(r −M −N)) = 0.
If K is the function field of Y, then the group Hd+M+N (K,Qℓ/Zℓ(r)) vanishes. Moreover,
if the special fiber Y of f is smooth over k, then assumption (H2) can be replaced by :
(H2’) For each j ∈ {0, ...,M + N}, each finite extension k′ of k and each abelian
variety A over k′, one has :
Hd(k′, A(ks){ℓ}⊠j(r −M −N)) = 0.
Remark 3.2.
(i) In the case Y is not assumed to be regular but has a desingularization Y˜, the
theorem can be applied to Y˜ and hence the conclusion still holds. In particular,
if k has characteristic 0, then the previous theorem holds when K is the function
field of any integral variety defined over the fraction field of R.
(ii) When M = 0, we have R = k and Y is a smooth k-variety. Hence theorem 3.1
covers the case when K is the function field of a smooth projective k-variety. Also
note that, in this situation, assumption (H2’) is always enough.
(iii) When N = 0, the schemes Y and X are birational. Hence theorem 3.1 covers the
case when K is the fraction field of R.
The first step in the proof of the theorem consists in describing the structure of the
Galois module H1(ks(Ysh),Qℓ/Zℓ(1)), where k
s(Ysh) stands for the function field of Ysh.
For this purpose, we first study the Picard group of Ysh.
Lemma 3.3.
(i) There exist a semi-abelian variety G, a finite Galois module Φ and an exact se-
quence of Galois modules :
0→ G(ks){ℓ} → (Pic Ysh){ℓ} → Φ→ 0.
Moreover, if the special fiber Y of f : Y → X is smooth, then G is an abelian
variety.
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(ii) The morphism (Pic Ysh)⊗Qℓ/Zℓ → (Pic Yks)⊗Qℓ/Zℓ is injective.
Proof. For each m ≥ 1, we have commutative diagrams with exact lines :
0 // O(Ysh)×/O(Ysh)×
ℓm

// H1(Ysh, µℓm) //

ℓmPic Y
sh //

0
0 // O(Yks)
×/O(Yks)
×ℓ
m
// H1(Yks , µℓm) // ℓmPic Yks // 0,
(17)
0 // (Pic Ysh)/ℓm

// H2(Ysh, µℓm) //

ℓmBr Y
sh //

0
0 // (Pic Yks)/ℓ
m // H2(Yks , µℓm) // ℓmBr Yks // 0.
(18)
In both diagrams, the middle vertical morphism is an isomorphism by the proper base
change theorem. Moreover, the group O(Yks)
× is divisible, so that O(Yks)
×/O(Yks)
×ℓ
m
=
0. A simple diagram chase then shows that ℓmPic Y
sh ∼= ℓmPic Yks and that the morphism
(Pic Ysh)/ℓm → (Pic Yks)/ℓ
m is injective. Hence :
(Pic Ysh){ℓ} ∼= (Pic Yks){ℓ}
and the morphism (Pic Ysh)⊗Qℓ/Zℓ → (Pic Yks)⊗Qℓ/Zℓ is injective.
Now note that Pic0 Yks = G0(k
s) for some connected commutative algebraic group G0.
If Y is smooth, then G0 is an abelian variety, while in general, by the structure theorem
of connected commutative algebraic groups, we have an exact sequence :
0→ U → G0 → G→ 0
for some semi-abelian variety G and unipotent group U . Since the group U(ks) is uniquely
ℓ-divisible, we get an isomorphism :
(Pic0 Yks){ℓ} ∼= G(k
s){ℓ}
and the group Pic0 Yks is ℓ-divisible. The lemma follows by noting that the Néron-Severi
group NS(Yks) = Pic Yks/Pic
0 Yks is of finite type.
Lemma 3.4. There exist a finite subset S of (Ysh)(1) and Galois modules Q, Q′, F and
N over k such that there are exact sequences :
0→ Pic(Ysh){ℓ} → H1(ks(Ysh),Qℓ/Zℓ(1))→ Q
′ → 0, (19)
0→ Q⊗Qℓ/Zℓ → Q
′ → F → 0, (20)
0→ N ⊗Qℓ/Zℓ → Q⊗Qℓ/Zℓ ։
⊕
v∈(Ysh)(1)\S
Qℓ/Zℓ → 0, (21)
and such that Q is a free abelian group, F is finite, N is a finite type abelian group and
S is stable under the action of the absolute Galois group of k.
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Proof. Since Ysh is regular, we have an exact sequence of Galois modules :
0→ O(Ysh)× → ks(Ysh)× → Div(Ysh)→ Pic(Ysh)→ 0.
Hence, by the snake lemma, for each positive integer m, we have an exact sequence :
0→ ℓmPic(Y
sh)→ H1(ks(Ysh),Z/ℓmZ(1))→ Div(Ysh)/ℓm → Pic(Ysh)/ℓm → 0. (22)
By passing to the direct limit on m, we obtain the following exact sequence of Galois
modules over k :
0→ Pic(Ysh){ℓ} → H1(ks(Ysh),Qℓ/Zℓ(1))→ Div(Y
sh)⊗Qℓ/Zℓ → Pic(Y
sh)⊗Qℓ/Zℓ → 0.
(23)
Consider the following Galois modules :
Q := Ker
(
Div(Ysh)→ NS(Yks)/NS(Yks)tors
)
;
I := Im
(
Div(Ysh)→ NS(Yks)/NS(Yks)tors
)
;
Q′ := Ker
(
Div(Ysh)⊗Qℓ/Zℓ → Pic(Y
sh)⊗Qℓ/Zℓ
)
.
Exact sequence (19) immediately follows from the definition of Q′ and from exact se-
quence (23).
Let’s now construct exact sequence (20). Note that, by lemma 3.3(ii), the morphism
(Pic Ysh)⊗Qℓ/Zℓ → (Pic Yks)⊗Qℓ/Zℓ ∼= (NS Yks)⊗Qℓ/Zℓ
is injective, so that we have an exact sequence :
0→ Q′ → Div(Ysh)⊗Qℓ/Zℓ → (NS Yks)⊗Qℓ/Zℓ. (24)
Moreover, by definition of Q and I, we have the following exact sequences :
0→ Q→ Div(Ysh)→ I → 0, (25)
0→ I → NS(Yks)/NS(Yks)tors → I
′ → 0, (26)
for some Galois module I ′. Since the abelian group NS(Yks)/NS(Yks)tors is of finite type
and has no torsion, we get new exact sequences by tensoring with Qℓ/Zℓ :
0 = Tor1(I,Qℓ/Zℓ)→ Q⊗Qℓ/Zℓ → Div(Y
sh)⊗Qℓ/Zℓ → I ⊗Qℓ/Zℓ → 0, (27)
Tor1(I ′,Qℓ/Zℓ)→ I ⊗Qℓ/Zℓ → NS(Yks)⊗Qℓ/Zℓ → I
′ ⊗Qℓ/Zℓ → 0, (28)
in which the group Tor1(I ′,Qℓ/Zℓ) is finite. One then only has to combine exact se-
quences (24), (27) and (28) to obtain exact sequence (20).
Let’s finish the proof by constructing exact sequence (21). By using once again the fact
that NS(Yks) is a finite type abelian group, one can find a finite subset S of (Y
sh)(1) such
that Q maps onto
⊕
v∈(Ysh)(1)\S Z. Up to replacing S by its orbit under the action of the
Galois group of k, one can assume that S is Galois-equivariant, and one therefore gets a
surjection of Galois modules :
Q։
⊕
v∈(Ysh)(1)\S
Z.
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Its kernel is a Galois module N which, as an abelian group, is finitely generated. Hence
one gets an exact sequence of Galois modules :
0→ N → Q→
⊕
v∈(Ysh)(1)\S
Z→ 0. (29)
Exact sequence (21) is then obtained by tensoring with Qℓ/Zℓ.
Proposition 3.5. The group Hd(k,H1(ks(Ysh),Qℓ/Zℓ(1))
⊠M+N (r−M−N)) has finite
exponent.
Proof. By lemmas 3.3 and 3.4, we have the following exact sequences of Galois modules :
0→ G(ks){ℓ} → H1(ks(Ysh),Qℓ/Zℓ(1))→ Q
′′ → 0, (30)
0→ Φ→ Q′′ → Q′ → 0 (31)
0→ Q⊗Qℓ/Zℓ → Q
′ → F → 0 (32)
0→ N ⊗Qℓ/Zℓ → Q⊗Qℓ/Zℓ →
⊕
v∈(Ysh)(1)\S
Qℓ/Zℓ → 0, (33)
for some Galois module Q′′. By assumption (H2), one can apply lemma 2.4 to the se-
quences (33) and (32) and one gets that the group
Hd(k, (G(ks){ℓ})⊠j ⊠Q′⊠M+N−j(r −M −N))
has finite exponent for j = 0, 1, ...,M+N . One can then apply lemma 2.5 to the sequence
(31) and one gets that the group
Hd(k, (G(ks){ℓ})⊠j ⊠ (Q′′)⊠M+N−j(r −M −N))
has finite exponent. One can finally apply a second time lemma 2.4 to the sequence (30)
and one gets that the group
Hd(k,H1(ks(Y),Qℓ/Zℓ(1))
⊠M+N (r −M −N))
has finite exponent.
Proof of theorem 3.1. Write the Hochschild-Serre spectral sequence :
Hs(k,Ht(ks(Ysh),Qℓ/Zℓ(r)))⇒ H
s+t(K,Qℓ/Zℓ(r)).
Since k has ℓ-cohomological dimension d (assumption (H1)), the previous spectral se-
quence induces an isomorphism :
Hd+M+N (K,Qℓ/Zℓ(r)) ∼= H
d(k,HM+N (ks(Ysh),Qℓ/Zℓ(r)))
∼= Hd(k,HM+N (ks(Ysh),Qℓ/Zℓ(M +N))(r −M −N)).
By theorem 2.8, one has a surjective morphism of Galois modules :
H1(ks(Ysh),Qℓ/Zℓ(1))
⊠M+N
։ HM+N (ks(Ysh),Qℓ/Zℓ(M +N)).
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Since the field k has ℓ-cohomological dimension d (assumption (H1)), one gets a surjective
morphism :
Hd(k,H1(ks(Y),Qℓ/Zℓ(1))
⊠M+N (r −M −N))։ Hd+M+N (K,Qℓ/Zℓ(r)).
But the group Hd(k,H1(ks(Y),Qℓ/Zℓ(1))
⊠M+N (r−M−N)) has finite exponent (propo-
sition 3.5) and the groupHd+M+N (K,Qℓ/Zℓ(r)) is divisible becauseK has ℓ-cohomological
dimension d+M +N (assumption (H1)). One deduces that Hd+M+N (K,Qℓ/Zℓ(r)) = 0.
Corollary 3.6. Let d ≥ 1 and r be two integers and ℓ a prime number different from
the characteristic of k. Let f : Y → X be a proper dominant morphism such that Ysh :=
Y ×X X
sh is integral and regular. Let N be the dimension of the generic fiber of f and
make the following two assumptions :
(H1) The field k has ℓ-cohomological dimension d.
(H2) For each j1, j2 ∈ {0, ...,M+N} such that j1+j2 ≤M+N , each finite extension
k′ of k and each abelian variety A over k′, one has :
Hd(k′, A(ks){ℓ}⊠j1(r −M −N + j2)) = 0.
If K is the function field of Y, then the group Hd+M+N (K,Qℓ/Zℓ(r)) vanishes.
Proof. Take G a semi-abelian variety over a finite extension k′ of k. By applying lemma
2.4 to an exact sequence of the form :
0→ T → G→ A→ 0
where T is a torus and A an abelian variety, one easily sees that assumption (H2) of
corollary 3.6 implies assumption (H2) of theorem 3.1.
3.2 Applications
In this section, we apply theorem 3.1 to several concrete situations.
3.2.1 Finite base field
Lemma 3.7. Let k be a finite field with q elements. Let A be an abelian variety over k
and let ℓ be a prime number different from the characteristic of k. Let j ≥ 0 and r be
integers such that j 6= −2r. Then H1(k,A{ℓ}⊠j(r)) = 0.
Remark 3.8. The vanishing of the lemma does not hold when j = 2r.
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Proof. By duality over k (example I.1.10 of [9]), one has :
H1(k,A{ℓ}⊠j(r)) ∼= lim−→
n
H1(k, (ℓnA)
⊠j(r))
∼=
[
lim
←−
n
H0(k, ((ℓnA)
⊠j)D(−r))
]D
∼=
[
lim
←−
n
H0(k, ((ℓnA)
D)⊗j(−r))
]D
∼=
[
lim
←−
n
H0(k, (ℓnA
t)⊗j(−j − r))
]D
∼= H0(k, (TℓA
t)⊗j ⊗ Zℓ(−j − r))
D.
According to the Weil conjectures, the eigenvalues of the geometric Frobenius on (TℓA
t)⊗j⊗
Zℓ(−j − r) have modulus q
r+ j
2 6= 1. Hence :
H1(k,A{ℓ}⊠j(r)) = H0(k, (TℓA
t)⊗j ⊗ Zℓ(−j − r))
D = 0.
Theorem 3.9. Let k be a finite field and let ℓ be a prime number different from the
characteristic of k. Let M be a non-negative integer and consider a proper morphism
f : Y → X such that X is the spectrum of a commutative, local, normal, henselian,
excellent, M -dimensional ring with residue field k. Let X sh be the strict henselization of
X and assume that Ysh := Y ×X X
sh is integral and regular. Let K be the function field
of Y and N the dimension of the generic fiber of f .
(i) The group HM+N+1(K,Qℓ/Zℓ(r)) vanishes for all r 6∈ [0,M +N ].
(ii) If the special fiber of f is smooth, then the group HM+N+1(K,Qℓ/Zℓ(r)) vanishes
for all r 6∈
[
M+N
2 ,M +N
]
.
Proof. One just has to combine theorem 3.1 and corollary 3.6 with lemma 3.7.
Remark 3.10. If N = 0 and K is therefore the function field of X , then the group
HM+1(K,Qℓ/Zℓ(r)) vanishes for all r 6∈ [0,M ].
3.2.2 p-adic base field
Let k be a field. Recall that a 1-motive over k is a two-term complex of k-group
schemesM = [u : Y → G] (placed in degrees -1 and 0), where Y is the k-group associated
to a free abelian group of finite type endowed with a continuous action of Gal (ks/k) and
where G is a semi-abelian variety, i.e. an extension of an abelian variety by a torus. When
M is a 1-motive over k, one can introduce the Galois module TZ/nZ(M) := H
−1(M ⊗L
Z/nZ) for each n > 0. If ℓ is a prime number, one defines the ℓ-adic Tate module of M
as follows :
Tℓ(M) := lim←−
n
TZ/ℓnZ(M).
Lemma 3.11. Let k be a p-adic field with residue field κ and let M = [u : Y → G] be
a 1-motive over k. Let ℓ be a prime number different from p. Let T be a torus and A
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an abelian variety such that G is an extension of A by T and assume that A has good
reduction. Then Tℓ(M) is a free Zℓ-module of finite type and the eigenvalues of a lifting
φ ∈ Gal (ks/k) of the geometric Frobenius Fr ∈ Gal (κs/κ) acting on Tℓ(M) have modulus
1, q−1/2 or q−1.
Proof. For each n ≥ 1, one has a distinguished triangle :
Y/ℓn → ℓnG[1]→M ⊗
L Z/ℓnZ→ Y/ℓn[1].
One gets an exact sequence of finite Galois modules :
0→ ℓnG→ TZ/ℓnZ(M)→ Y/ℓ
n → 0. (34)
Moreover, since T (ks) is divisible„ one also has the following exact sequence of finite
Galois modules :
0→ ℓnT → ℓnG→ ℓnA→ 0. (35)
Since the groups that are involved in the sequences (34) and (35) are finite, by passing
to the inverse limit on n, one gets the following exact sequences of Galois modules :
0→ TℓG→ TℓM → Y ⊗ Zℓ → 0, (36)
0→ TℓT → TℓG→ TℓA→ 0. (37)
This shows that Tℓ(M) is a free Zℓ-module of finite type, so that it only remains to check
the assertion about φ. For this purpose, we study the action of φ on Y ⊗ Zℓ, TℓT and
TℓA :
• since Y becomes constant on a finite extension of k, all the eigenvalues of φ on
Y ⊗ Zℓ have modulus 1.
• since T becomes isomorphic to Grm for some r ≥ 0 on a finite extension of k, the
eigenvalues of φ on TℓT have modulus q
−1.
• the abelian variety A has good reduction. Let then A be an abelian scheme that
extends A on the ring of integers of k and let A0 be its special fiber. Since ℓ is
different from p, we have TℓA = TℓA0. We can therefore deduce from the Weil
conjectures that the eigenvalues of φ on TℓA all have modulus q
−1/2.
This finishes the proof.
Lemma 3.12. Let k a p-adic field. Let A be an abelian variety over k and ℓ a prime
number different from p. Let j ≥ 0 and r be integers such that r 6∈ [1− j, 1]. Then
H2(k,A{ℓ}⊠j(r)) = 0.
Proof. By Tate’s local duality theorem, one has :
H2(k,A{ℓ}⊠j(r)) ∼= lim−→
n
H2(k, (ℓnA)
⊠j(r))
∼=
[
lim
←−
n
H0(k, ((ℓnA)
⊠j)D(1− r))
]D
∼=
[
lim
←−
n
H0(k, ((ℓnA)
D)⊗j(1− r))
]D
∼=
[
lim
←−
n
H0(k, (ℓnA
t)⊗j(1− j − r))
]D
∼= H0(k, (TℓA
t)⊗j ⊗ Zℓ(1− j − r))
D.
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According to theorem 4.2.2 of [11], there exists a 1-motiveM = [Y → G] over k satisfying
the following conditions :
(i) there is a natural isomorphism TℓA
t ∼= TℓM ,
(ii) there is an exact sequence :
0→ T → G→ B → 0
in which T is a torus and B is an abelian variety which has potentially good
reduction.
According to lemma 3.11, one can deduce that the eigenvalues of a lifting φ of the
geometric Frobenius acting on TℓA
t have modulus q−1, q−1/2 or 1. Hence the eigenvalues
of φ on (TℓA
t)⊗j⊗Zℓ(1− j−r) have modulus q
ν with ν ∈
(
1
2Z
)
∩ [r − 1, j + r − 1]. Since
r 6∈ [1− j, 1], none of these eigenvalues has modulus 1, and therefore
H0(k, (TℓA
t)⊗j ⊗ Zℓ(1− j − r)) = 0.
The lemma follows.
Lemma 3.13. Let k be a p-adic field. Let A be an abelian variety over k. Let j ≥ 0 and
r be integers such that r 6∈ [1− j, 1]. Then H2(k,A{p}⊠j(r)) = 0.
Proof. Just as in the proof of the previous lemma, by Tate’s local duality theorem, one
has :
H2(k,A{p}⊠j(r)) ∼= H0(k, (TpA
t)⊗j ⊗ Zp(1− j − r))
D.
We now write the Hodge-Tate decomposition ([2]) :
TpA
t ⊗ Cp ∼= H
1(At × ks,Qp(1)) ⊗ Cp ∼= H
1(At,OAt)⊗ Cp(1) ⊕H
0(At,Ω1At/k)⊗ Cp.
We deduce that there are k-vector spaces V0, ..., Vj such that :
(TpA
t)⊗j ⊗ Zp(1− j − r)⊗ Cp ∼=
j⊕
i=0
(Vi ⊗Cp(1− r − i)) .
Since r 6∈ [1− j, 1], none of the weights 1−r−i of the previous decomposition is 0. Hence
H0(k, (TpA
t)⊗j ⊗ Zp(1− j − r)) = 0, and this finishes the proof.
Theorem 3.14. Let k be a p-adic field and let ℓ be a prime number. Let M and N be
non-negative integers and consider a commutative, local, normal, henselian, excellent, M -
dimensional ring R with residue field k. Let K be the function field of an N -dimensional
integral variety over the fraction field of R. Then the group
HM+N+2(K,Qℓ/Zℓ(r))
vanishes for all r 6∈ [1,M +N + 1].
Proof. Observe that, by Hironaka’s theorem, K is the function field of an integral scheme
Y such that Ysh is integral and regular and such that there is a proper dominant mor-
phism f : Y → Spec R. One then just has to combine corollary 3.6 with lemmas 3.12
and 3.13.
Remark 3.15. If K is the fraction field of R, the group HM+2(K,Qℓ/Zℓ(r)) vanishes
for all r 6∈ [1,M + 1].
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3.2.3 Number fields
Lemma 3.16. Let k be a number field. Let A be an abelian variety over k and let ℓ be a
prime number which is assumed to be different from 2 if k is not totally imaginary. Let
j ≥ 0 and r be integers such that r 6∈ [1− j, 1]. Then H2(k,A{ℓ}⊠j(r)) = 0.
Proof. According to the Weil conjectures, if v is a finite place of K which does not
divide ℓ and where A has good reduction, all the eigenvalues of a lifting of the geometric
Frobenius at v acting on Tℓ(A) have modulus q
−1/2. We deduce that all the eigenvalues of
a lifting of the geometric Frobenius at v acting on Tℓ(A)
⊗j⊗Zℓ(r) have modulus q
−j/2−r.
Since r 6∈ [1− j, 1], we have q−j/2−r 6= q−1. Theorem 1.5(a) of [5] hence implies that the
morphism :
H2(k,A{ℓ}⊠j(r))→
⊕
v
H2(kv, A{ℓ}
⊠j(r))
is injective. But according to lemmas 3.12 and 3.13, since r 6∈ [1− j, 1], we haveH2(kv , A{ℓ}
⊠j(r)) =
0 for each finite place v of k. We deduce that the group H2(k,A{ℓ}⊠j(r)) vanishes.
Theorem 3.17. Let k be a number field and let ℓ be a prime number which is assumed
to be different from 2 if k is not totally imaginary. Let M and N be non-negative integers
and consider a commutative, local, normal, henselian, excellent, M -dimensional ring R
with residue field k. Let K be the function field of an N -dimensional integral variety over
the fraction field of R. Then the group
HM+N+2(K,Qℓ/Zℓ(r))
vanishes for all r 6∈ [1,M +N + 1].
Proof. Observe that, by Hironaka’s theorem, K is the function field of an integral scheme
Y such that Ysh is integral and regular and such that there is a proper dominant mor-
phism f : Y → Spec R. One then just has to combine corollary 3.6 with lemma 3.16.
Remark 3.18. If K is the fraction field of R, the group HM+2(K,Qℓ/Zℓ(r)) vanishes
for all r 6∈ [1,M + 1].
4. Fraction fields of two-dimensional henselian local rings
In this section, we are interested in the function fields of two-dimensional henselian
local rings. We will first improve the vanishing theorems of the previous section in this
particular case, and we will then prove some Brauer-Hasse-Noether exact sequences.
4.1 An abstract vanishing theorem
Fix a perfect field k and let R be a commutative, local, geometrically integral, nor-
mal, henselian, excellent, 2-dimensional k-algebra with residue field k. By geometrically
integral, we mean that R ⊗k k
s is integral. For instance, R could be the completion or
the henselization of the local ring at a closed point of a normal k-surface. Let K be the
fraction field of R and let m be the maximal ideal of R. Set X = Spec R and X = X \{m}.
The scheme X may be singular in general, while X is a (non-affine) Dedekind scheme.
Theorem 4.1. Let d be a non-negative integer, r any integer and ℓ a prime number
different from the characteristic of k. We make the following three assumptions :
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(H1) The field k has ℓ-cohomological dimension d.
(H2) For each finite extension k′ of k, the group Hd(k′,Qℓ/Zℓ(r − 2)) vanishes.
(H3) For each finite extension k′ of k and for each abelian variety A over k′, the
group Hd(k′, A(ks){ℓ}(r − 2)) vanishes.
Then the group Hd+2(K,Qℓ/Zℓ(r)) vanishes.
4.1.1 Resolution of singularities
Consider a morphism of schemes f : X˜ → X = Spec R satisfying the following
assumptions :
• X˜ is a regular, integral, 2-dimensional scheme and f is projective ;
• f : f−1(X)→ X is an isomorphism ;
• f−1(m) is a normal crossing divisor of X (in the sense of definition 9.1.6 of [8]).
Such a morphism exists according to [7]. We then set Y = f−1(m) and we endow Y with
the reduced structure. Thus Y is a reduced k-curve which may not be irreducible, but
all of its irreducible components are smooth. For v ∈ X˜ (1) \X(1) = Y (0), let Yv be the
smooth projective k-curve corresponding to v. We denote by gv the genus of this curve.
Moreover, to the curve Y we associate the following bipartite graph Γ :
• vertices : V = V1⊔V2, where V1 = Y
(0) is the set of (generic points of) irreducible
components of Y and V2 is the set of closed points of Y which are the intersection
of two irreducible components of Y ;
• edges : E is the set of subsets with two elements {v1, v2} of V such that v1 ∈ V1,
v2 ∈ V2 and v2 ∈ Yv1 .
Denote by cΓ the first Betti number of Γ.
In the sequel, when S is a k-algebra or a k-scheme, S will stand for the extension of
scalars of S to ks. Note that, in the same way that we have associated the graph Γ to
the curve Y , one can associate a bipartite graph Γ to the curve Y : its set of vertices will
be denoted V = V 1 ⊔ V 2, and its set of edges E. The notation cΓ will then stand for the
first Betti number of Γ. For v ∈ V 1, we will denote by Y v the irreducible component of
Y associated to v and by gv the genus of Y v. We set :
nX =
∑
v∈V 1
gv + cΓ.
4.1.2 The Brauer group of K
In this paragraph, we are interested in the Brauer group of the field K. Recall that
this group has been computed in the article [3] :
Theorem 4.2. (Lemmas 1.4 and 1.6 and theorem 1.6 of [3])
Let ℓ be a prime number different from the characteristic of k.
(i) There is a natural exact sequence
0→ Υ{ℓ} → Br(K){ℓ} →
⊕
v∈X(1)
Br(Kv){ℓ} → Λ{ℓ} → 0, (38)
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with :
Υ = Ker

⊕
v∈V 1
Br Kv →
⊕
w∈X˜
(2)
Q/Z

 ,
Λ = Coker

⊕
v∈V 1
Br Kv →
⊕
w∈X˜
(2)
Q/Z

 .
(ii) There are isomorphisms of abelian groups Υ{ℓ} ∼= (Qℓ/Zℓ)
nX and Λ{ℓ} ∼= Qℓ/Zℓ.
Remark 4.3. In [3], this theorem is proved under the assumption that Y is a normal
crossing divisor divisor of X˜ and this is not always the case. However, the proof only uses
the fact that each irreducible component of Y is smooth, and this assumption is satisfied
here.
We aim at computing the group Br(K) as a Galois module over k. For this purpose,
we are going to compute Υ and Λ as Gal (ks/k)-modules, but before that, we introduce
some notation :
Notation 4.4. For v ∈ X˜ :
• v denotes the image of v in X˜ ,
• Hv denotes the stabilizer of v under the action of Gal (k
s/k),
• Fv stands for the field (k
s)Hv .
When v ∈ Y (1), we also denote by Jv the Jacobian of the irreducible component of
Yv×k Fv associated to v. Finally, we let H1(Γ,Z) be the first homology group of Γ. Since
the Galois group of k acts on Γ and stabilizes V 1 and V 2, the group H1(Γ,Z) is naturally
endowed with a structure of Galois module over k.
Lemma 4.5. Let ℓ be a prime number different from the characteristic of k et let v ∈
X(1). There is an isomorphism of Galois modules over k :
⊕
σ∈Gal (ks/k)/Hv
Br(Kσ(v)){ℓ}
∼= IFv/k (Qℓ/Zℓ(−1)) .
Proof. It suffices to observe that the residue morphisms induce canonical isomorphisms
of Hv-modules :
Br(Kv){ℓ}
∼= H2(Kv,Qℓ/Zℓ(1))
∼= H1(ks(v),Qℓ/Zℓ)
∼= H0(ks,Qℓ/Zℓ(−1)) ∼= Qℓ/Zℓ(−1).
Corollary 4.6. Let ℓ be a prime number different from the characteristic of k. There is
an isomorphism of Galois modules over k :
Λ{ℓ} ∼= Qℓ/Zℓ(−1).
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Proof. Exact sequence (38) gives a surjection of Galois modules over k :
⊕
v∈X(1)
Br(Kv){ℓ} → Λ{ℓ}
which is induced by the sum morphism. Since Br(Kv){ℓ}
∼= Qℓ/Zℓ(−1) for each v ∈ X
(1),
we deduce that Λ{ℓ} ∼= Qℓ/Zℓ(−1).
Let’s now study the group Υ.
Proposition 4.7. Let ℓ be a prime number different from the characteristic of k. Let
|V 1/Gal (k
s/k)| be a complete set of representatives of V 1/Gal (k
s/k). There is an exact
sequence of Galois modules over k :
0→
⊕
v∈|V 1/Gal (k
s/k)|
IFv/k(Jv(k
s){ℓ}(−1)) → Υ{ℓ} → Qℓ/Zℓ(−1)⊗H1(Γ,Z)→ 0.
Proof. We follow the computation in lemma 1.5 of [3], but here we have to be careful
enough to control the action of the absolute Galois group of k.
For v ∈ V 1, consider the composed morphism :
φv : H
1(ks(Y v),Qℓ/Zℓ)→
⊕
w∈Y
(1)
v
H1(ks(Y v)w,Qℓ/Zℓ)→
⊕
w∈Y
(1)
v
Qℓ/Zℓ(−1),
where the first map is the restriction morphism and the second is induced by the residue
morphisms. By summing the φv’s for v ∈ V 1, one gets a morphism of Galois modules :
φ˜ :
⊕
v∈V 1
H1(ks(Y v),Qℓ/Zℓ)→
⊕
v∈V 1
⊕
w∈Y
(1)
v
Qℓ/Zℓ(−1).
Now define the morphism of Galois modules φ by the following diagram :⊕
v∈V 1
H1(ks(Y v),Qℓ/Zℓ)
φ˜ //
φ
**❱❱❱
❱❱
❱❱
❱❱
❱❱
❱❱
❱❱
❱❱
❱❱
⊕
v∈V 1
⊕
w∈Y
(1)
v
Qℓ/Zℓ(−1)
Σ
⊕
w∈X˜
(2) Qℓ/Zℓ(−1)
where the right vertical morphism is the sum morphism. As a Galois module, the group
Υ{ℓ} is the kernel of φ.
Now note that each φv can be inserted in the following exact sequence of Hv-modules :
H1(ks(Y v),Qℓ/Zℓ)
φv //
⊕
w∈Y
(1)
v
Qℓ/Zℓ(−1)
Σ // Qℓ/Zℓ(−1) // 0. (39)
We therefore get a commutative diagram with exact lines and columns of Galois modules
over k :
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0

0
⊕
v∈V 1
Ker(φv)

Υ{ℓ}

0 //
⊕
v∈V 1
H1(ks(Y v),Qℓ/Zℓ)
∼= //
⊕
v∈V 1
φv

⊕
v∈V 1
H1(ks(Y v),Qℓ/Zℓ) //
φ

0
0 // Θ //
⊕
v∈V 1
Ker
(⊕
w∈Y
(1)
v
Qℓ/Zℓ(−1)
Σ
−→ Qℓ/Zℓ(−1)
)
Σ //

⊕
w∈X˜
(2) Qℓ/Zℓ(−1)
0
where :
Θ = Ker

Σ : ⊕
v∈V 1
Ker

Σ : ⊕
w∈Y
(1)
v
Qℓ/Zℓ(−1)→ Qℓ/Zℓ(−1)

→ ⊕
w∈X˜
(2)
Qℓ/Zℓ(−1)

 .
By the snake lemma, we get an exact sequence of Galois modules :
0→
⊕
v∈V 1
Ker(φv)→ Υ{ℓ} → Θ→ 0.
By the proof of lemma 1.2 of [3], we have isomorphisms of Galois modules :
Θ = Ker

Σ : ⊕
v∈V 1
Ker

Σ : ⊕
w∈Y
(1)
v
Qℓ/Zℓ → Qℓ/Zℓ

→ ⊕
w∈X˜
(2)
Qℓ/Zℓ

 (−1)
= Qℓ/Zℓ(−1)⊗H1(Γ,Z).
Besides, if v ∈ V 1, the Hv-module Ker φv is isomorphic to H
1(Y v,Qℓ/Zℓ). Since Y v is
projective and since the group H1(Y v,Qℓ/Zℓ) can be identified with (Pic Y v){ℓ}(−1)
∼=
Jv(k
s){ℓ}(−1), we get :⊕
v∈V 1
Ker(φv) ∼=
⊕
v∈V 1
Jv(k
s){ℓ}(−1) ∼=
⊕
v∈|V 1/Gal (k
s/k)|
IFv/k(Jv(k
s){ℓ}(−1)).
4.1.3 Proof of theorem 4.1
We now prove theorem 4.1. For this purpose, we write the Hochschild-Serre spectral
sequence :
Hs(k,Ht(K,Qℓ/Zℓ(r)))⇒ H
s+t(K,Qℓ/Zℓ(r))).
The group Hs(k,Ht(K,Qℓ/Zℓ(r))) = 0 vanishes for s ≥ d+ 1 or t ≥ 3. Hence it suffices
to prove that Hd(k,H2(K,Qℓ/Zℓ(r))) = 0. We see that :
Hd(k,H2(K,Qℓ/Zℓ(r))) ∼= H
d(k,H2(K,Qℓ/Zℓ(1))(r − 1)) (40)
∼= Hd(k,Br (K){ℓ}(r − 1)). (41)
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By theorem 4.2, corollary 4.6 and proposition 4.7, we have a dévissage of the Galois
module Br (K)(r − 1) :
0→ Υ{ℓ}(r − 1)→ Br(K){ℓ}(r − 1)→ Ker

 ⊕
v∈X(1)
Qℓ/Zℓ(r − 2)→ Qℓ/Zℓ(r − 2)

→ 0,
(42)
0→
⊕
v∈|V 1/Gal (k
s/k)|
IFv/k(Jv(k
s){ℓ}(r − 2))→ Υ{ℓ}(r − 1)→ Qℓ/Zℓ(r − 2)⊗H1(Γ,Z)→ 0.
(43)
Since r 6= 2, assumptions (H2) and (H3) show that :
• Hd(k, IFv/k(Jv(k
s){ℓ}(r − 2))) = 0,
• Hd
(
k,Ker
(⊕
v∈X(1) Qℓ/Zℓ(r − 2)→ Qℓ/Zℓ(r − 2)
))
and Hd(k,Qℓ/Zℓ(r − 2) ⊗
H1(Γ,Z)) have finite exponent (by a restriction-corestriction argument).
We deduce thatHd(k,Br (K){ℓ}(r−1)) has finite exponent. ThereforeHd+2(K,Qℓ/Zℓ(r))
also has finite exponent. But this group is divisible sinceK has ℓ-cohomological dimension
d+ 2 (assumption (H1)). Hence it vanishes.
4.2 Applications
In this paragraph, we apply theorem 4.1 to the situations where k is finite, p-adic or
a totally imaginary number field. We keep the notations of section 4.1.
Theorem 4.8. Let ℓ be a prime number.
(i) If k is finite and ℓ is different from the characteristic of k, then H3(K,Qℓ/Zℓ(r))
vanishes for all r 6= 2.
(ii) If k is p-adic, then H4(K,Qℓ/Zℓ(r)) vanishes for all r 6= 3.
(iii) If k is a totally imaginary number field or if k is any number field and ℓ 6= 2,
then H4(K,Qℓ/Zℓ(r)) vanishes for each r 6= 3.
Proof. We check that the assumptions of theorem 4.1 hold :
(H1) the field k has ℓ-cohomological dimension 1 if it is finite, 2 if it is p-adic or a
totally imaginary number field.
(H2-3) This is a direct consequence of lemmas 3.7, 3.12, 3.13 and 3.16.
4.3 Brauer-Hasse-Noether exact sequences
Keep all the notations of section 4.1. In this paragraph, we are interested in the groups
Hd+2(K,Qℓ/Zℓ(r)) when they do not vanish. We aim at proving some exact sequences
which involve these groups and which play the role of the Brauer-Hasse-Noether exact
sequence for the field K.
Recall that we have a dévissage of the Galois module Br (K)(r−1) given by the exact
sequences (42) and (43). Let’s rewrite this dévissage in a different way.
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Proposition 4.9. Let ℓ be a prime number different from the characteristic of k. There
are exact sequences of Galois modules over k :
0→
⊕
v∈|V 1/Gal (k
s/k)|
IFv/k(Jv(k
s){ℓ}(r − 2))→ Br (K)(r − 1)→ Ξ(r − 2)→ 0, (44)
0→ Qℓ/Zℓ ⊗H1(Γ,Z)→ Ξ
ϕ
−→ Ker

 ⊕
v∈X(1)
Qℓ/Zℓ → Qℓ/Zℓ

→ 0, (45)
where :
Ξ := Ker

 ⊕
v∈X(1)
Qℓ/Zℓ ⊕
⊕
v∈V 1
Ker

 ⊕
w∈Y
(1)
v
Qℓ/Zℓ → Qℓ/Zℓ

→ ⊕
w∈Y (1)
Qℓ/Zℓ

 .
Moreover, there exists a positive integer M and a morphism of Galois modules
ψ : Ker

 ⊕
v∈X(1)
Qℓ/Zℓ → Qℓ/Zℓ

→ Ξ
such that ϕ ◦ ψ =M · Id.
Proof. Exact sequences (44) and (45) are just a rewriting of exact sequences (42) and
(43). So we only have to prove the existence of ψ.
To do so, choose a subtree T of Γ which contains all vertices of Γ. Denote by T1, ...,Tm all
the conjugates of T under the action of the absolute Galois group of k on Γ. According to
the proof of lemma 1.1 of [3], for i ∈ {1, ...,m}, if we consider a family (av)v∈V ∈ (Qℓ/Zℓ)
V
such that : ∑
v∈V 1
av =
∑
v∈V 2
av,
then we can find a unique family (xe)e∈E ∈ (Qℓ/Zℓ)
E such that, for all v ∈ V :∑
e∈I(v)
xe = av
and xe = 0 if e is not an edge of Ti. We will denote by Xi((av)v∈V ) the family (xe)e∈E .
Let’s now consider (αv)v∈X(1) ∈ Ker
(⊕
v∈X(1) Qℓ/Zℓ → Qℓ/Zℓ
)
. Denote by (βw)w∈Y (1) ∈⊕
w∈Y (1) Qℓ/Zℓ the image of (αv). For v1 ∈ V 1, set av1 =
∑
w∈Y
(1)
v1
\V 2
βw and for v2 ∈ V 2,
set av2 = −βv2 . We compute :∑
v∈V 1
av =
∑
v∈V 1
∑
w∈Y
(1)
v \V 2
βw
=
∑
w∈Y (1)
βw −
∑
w∈V 2
βw
=
∑
v∈V 2
av.
For v1 ∈ V 1, we consider the family yv1 = (yv1,w)w∈Y (1)v
defined in the following way :
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• yv1,w = −mβw if w 6∈ V 2 ;
• yv1,w =
∑m
i=1Xi((av)v∈V ){v1,w} if w ∈ V 2.
For v1 ∈ V 1, v2 ∈ V 2 and w0 ∈ Y
(1) \ V 2, we compute :
∑
w∈Y
(1)
v1
yv1,w = −m
∑
w∈Y
(1)
v1
\V 2
βw +
∑
w∈Y v1
∩V 2
m∑
i=1
Xi((av)v∈V ){v1,w}
= −m
∑
w∈Y
(1)
v1
\V 2
βw +
m∑
i=1
av1
= m

− ∑
w∈Y
(1)
v1
\V 2
βw + av1

 = 0;
∑
v∈V 1|v2∈Y
(1)
v
yv,v2 =
∑
v∈V 1|v2∈Y
(1)
v
m∑
i=1
Xi((av)v∈V ){v,v2}
= mav2 = −mβv2 ;∑
v∈V 1|w0∈Y
(1)
v
yv,w0 = −mβw0 .
This allows us to define a morphism of groups :
ψ : Ker

 ⊕
v∈X(1)
Qℓ/Zℓ → Qℓ/Zℓ

→ Ξ
(αv)v∈X(1) 7→
(
m(αv)v∈X(1) ,
(
(yv1,w)w∈Y (1)v1
)
v1∈V 1
)
.
One can then easily check that ψ is a morphism of Galois modules by observing that, if
σ ∈ Gal (ks/k) sends some Ti on some Tj, then :
σ ·
(
Xi((av)v∈V )
)
= Xj(σ · (av)v∈V ).
Of course, we have ϕ ◦ ψ = m · Id.
Remark 4.10. According to the previous proof, M can be taken to be the g.c.d. m(Γ)
of the orders of orbits of the set of spanning trees of Γ under the action of the Galois
group of k. In particular, if ℓ does not divide m(Γ), the sequence (45) is split.
Theorem 4.11. Let d be a non-negative integer, r any integer and ℓ a prime number
different from the characteristic of k. Assume that k has ℓ-cohomological dimension d and
that, for any finite extension k′ of k, the corestriction map Hd−1(k′,Qℓ/Zℓ(r − 2)) →
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Hd−1(k,Qℓ/Zℓ(r − 2)) is surjective. Then there are exact sequences :
⊕
v∈|V 1/Gal (k
s/k)|
Hd(Fv , Jv{ℓ}(r − 2))→ H
d+2(K,Qℓ/Zℓ(r))→ H
d(k,Ξ(r − 2))→ 0,
(46)
0 // F → Hd(k,Qℓ/Zℓ(r − 2)⊗H1(Γ,Z)) // H
d(k,Ξ(r − 2))

0 Hd(k,Qℓ/Zℓ(r − 2))oo
⊕
v∈X(1) H
d+2(Kv ,Qℓ/Zℓ(r))oo
(47)
where F is a group killed by m(Γ).
Proof. First observe that we have an exact sequence :
⊕
v∈|X(1)/Gal(ks/k)|H
d−1
(
Fv,Qℓ/Zℓ(r − 2)
)
// Hd−1 (k,Qℓ/Zℓ(r − 2))
uu❦❦❦❦
❦❦
❦❦
❦❦
❦❦
❦❦
❦❦
Hd
(
k,Ker
(⊕
v∈X(1) Qℓ/Zℓ(r − 2)→ Qℓ/Zℓ(r − 2)
))
ss❤❤❤❤❤
❤❤
❤❤
❤❤
❤❤
❤❤❤
❤❤❤
❤❤
❤❤
⊕
v∈|X(1)/Gal(ks/k)|H
d
(
Fv,Qℓ/Zℓ(r − 2)
)
// Hd (k,Qℓ/Zℓ(r − 2)) // 0
(48)
By assumption, for v ∈ |X(1)/Gal(ks/k)|, the corestriction morphismHd−1
(
Fv ,Qℓ/Zℓ(r − 2)
)
→
Hd−1 (k,Qℓ/Zℓ(r − 2)) is surjective, so we get the following exact sequence :
0 // Hd
(
k,Ker
(⊕
v∈X(1) Qℓ/Zℓ(r − 2)→ Qℓ/Zℓ(r − 2)
))

0 Hd (k,Qℓ/Zℓ(r − 2))oo
⊕
v∈|X(1)/Gal(ks/k)|H
d
(
Fv,Qℓ/Zℓ(r − 2)
)
oo
(49)
Now note that, for v ∈ |X(1)/Gal(ks/k)|, the residue morphisms induce isomorphisms :
Hd
(
Fv ,Qℓ/Zℓ(r − 2)
)
∼= Hd+1 (k(v),Qℓ/Zℓ(r − 1)) ∼= H
d+2 (Kv,Qℓ/Zℓ(r)) .
Hence we have an exact sequence :
0 // Hd
(
k,Ker
(⊕
v∈X(1) Qℓ/Zℓ(r − 2)→ Qℓ/Zℓ(r − 2)
))

0 Hd (k,Qℓ/Zℓ(r − 2))oo
⊕
v∈X(1) H
d+2 (Kv,Qℓ/Zℓ(r))oo
(50)
Exact sequences (46) and (47) are then obtained by writing the long exact cohomology
sequences associated to the short exact sequences (44) and (45), by using the fact that
k has ℓ-cohomological dimension d and by observing that one has the following isomor-
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phisms :
Hd+2(K,Qℓ/Zℓ(r)) ∼= H
d(k,H2(K,Qℓ/Zℓ(r)))
∼= Hd(k,H2(K,Qℓ/Zℓ(1))(r − 1))
∼= Hd(k,Br (K){ℓ}(r − 1)).
Let’s now prove that F is killed by m(Γ). Take the following notations :
A := Qℓ/Zℓ(r − 2)⊗H1(Γ,Z);
B := Ξ(r − 2);
C := Ker

 ⊕
v∈X(1)
Qℓ/Zℓ(r − 2)→ Qℓ/Zℓ(r − 2)

 .
According to proposition 4.9, we have a commutative diagram with an exact line :
Hd−1(k,B) // Hd−1(k,C) // Hd(k,A) // Hd(k,B) // Hd(k,C) // 0
Hd−1(k,C)
OO
·m(Γ)
77♦♦♦♦♦♦♦♦♦♦♦
(51)
A simple diagram chase shows that F = Ker
(
Hd(k,A)→ Hd(k,B)
)
is killed m(Γ).
Corollary 4.12. Let d be a non-negative integer, r any integer and ℓ a prime number
different from the characteristic of k. Assume that k has ℓ-cohomological dimension d and
that, for any finite extension k′ of k, the corestriction map Hd−1(k′,Qℓ/Zℓ(r − 2)) →
Hd−1(k,Qℓ/Zℓ(r − 2)) is surjective. There is an exact sequence :
Hd+2(K,Qℓ/Zℓ(r))→
⊕
v∈X(1)
Hd+2(Kv ,Qℓ/Zℓ(r))→ H
d(k,Qℓ/Zℓ(r − 2))→ 0.
Moreover, if A is the kernel of the map Hd+2(K,Qℓ/Zℓ(r))→
⊕
v∈X(1) H
d+2(Kv ,Qℓ/Zℓ(r)),
then we have an exact sequence :⊕
v∈|V 1/Gal (k
s/k)|
Hd(Fv, Jv{ℓ}(r − 2))→ A→ H
d(k,Qℓ/Zℓ(r − 2)⊗H1(Γ,Z))/F → 0,
where F is a subgroup of Hd(k,Qℓ/Zℓ(r − 2) ⊗ H1(Γ,Z)) which is killed by m(Γ). In
particular, A is divisible.
Remark 4.13.
(i) This corollary is to be understood as a Brauer-Hasse-Noether exact sequence for
the field K.
(ii) The assumption that, for any finite extension k′ of k, the corestriction map
Hd−1(k′,Qℓ/Zℓ(r − 2))→ H
d−1(k,Qℓ/Zℓ(r − 2))
is surjective is automatically satisfied when r = d+ 1.
Proof. This is just a rewriting of theorem 4.11, provided that one notes that the groups⊕
v∈V 1/Gal (k
s/k)H
d(Fv, Jv{ℓ}(r − 2)) and H
d(k,Qℓ/Zℓ(r − 2) ⊗ H1(Γ,Z)) are divisible
(because k has cohomological dimension d).
We are now going to apply the previous corollary to the cases where k is a finite field, a
p-adic field or a totally imaginary number field.
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a) Finite base field
In the case where k is finite, we recover a result of Saito (see theorem 5.2 of [12]) :
Corollary 4.14. Assume that k is finite. Then we have an exact sequence :
0 // F // H1(k,Qℓ/Zℓ ⊗H1(Γ,Z)) // H
3(K,Qℓ/Zℓ(2))

0 H1(k,Qℓ/Zℓ)oo
⊕
v∈X(1) H
3(Kv ,Qℓ/Zℓ(2)),oo
where F is a group killed by m(Γ). The kernel of the map
H3(K,Qℓ/Zℓ(2))→
⊕
v∈X(1)
H3(Kv ,Qℓ/Zℓ(2))
is isomorphic to (Qℓ/Zℓ)
ρ with :
ρ = rank
(
H1(Γ,Z)
Gal (ks/k)
)
. (52)
Proof. Observe that for any finite extension k′ of k, the corestriction mapH0(k′,Qℓ/Zℓ)→
H0(k,Qℓ/Zℓ) is surjective. Hence the first part of the statement follows from corollary
4.12 and from the vanishing of the group H1(Fv, Jv{ℓ}) for each v ∈ |V 1/Gal (k
s/k)|
(lemma 3.7). For the second part of the statement, we have by duality over k (example
I.1.10 of [9]) :
H1(k,Qℓ/Zℓ ⊗H1(Γ,Z)) ∼=
(
H0(k, Tℓ(H1(Γ,Z)
D))
)D
.
This group is isomorphic to (Qℓ/Zℓ)
ρ with :
ρ = rank
(
H0(k, Tℓ(H1(Γ,Z)
D))
)
.
Hence the corollary follows from the next lemma.
Lemma 4.15. Let E be a field and let M be a Gal(Es/E)-module which is free of finite
type as an abelian group. Then :
rank
(
H0(E,Tℓ(M
D))
)
= rank
(
MGal (E
s/E)
)
.
Proof. The result is immediate for M a permutation module. By Ono’s lemma, one can
find a positive integer m and an exact sequence of Galois modules :
0→Mm ×R0 → R1 → F → 0
in which R0 and R1 are permutation modules and F is finite. One then easily checks that
there is an exact sequence of Galois modules :
0→ Tℓ(R
D
1 )→ Tℓ(M
D)m × Tℓ(R
D
0 )→ F
′ → 0
with F ′ finite. It follows that :
rank
(
H0(E,Tℓ(M
D))
)
=
rank
(
H0(E,Tℓ(R
D
1 ))
)
− rank
(
H0(E,Tℓ(R
D
0 ))
)
m
=
rank
(
R
Gal (Es/E)
1
)
− rank
(
R
Gal (Es/E)
0
)
m
= rank
(
MGal (E
s/E)
)
.
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b) p-adic base field
When k is a p-adic field, corollary 4.12 implies the following result :
Corollary 4.16. (i) Assume that k is a p-adic field. Then we have an exact se-
quence :
H4(K,Qℓ/Zℓ(3))→
⊕
v∈X(1)
H4(Kv,Qℓ/Zℓ(3))→ (Br k){ℓ} → 0.
(ii) Assume further that ℓ 6= p. Then the group Ker
(
H4(K,Qℓ/Zℓ(3))→
⊕
v∈X(1) H
4(Kv,Qℓ/Zℓ(3))
)
is isomorphic to (Qℓ/Zℓ)
ρ with :
0 ≤ ρ− rank
(
H1(Γ,Z)
Gal (ks/k)
)
≤
∑
v∈|V 1/Gal (k
s/k)|
ρv.
where ρv is the rank of the maximal torus of the special fiber of the Néron model
of Jv. Moreover, if ρv = 0 for each v ∈ |V 1/Gal (k
s/k)|, then we have an exact
sequence :
0 // F // H2(k,Qℓ/Zℓ(1) ⊗H1(Γ,Z)) // H
4(K,Qℓ/Zℓ(3))

0 (Br k){ℓ}oo
⊕
v∈X(1) H
4(Kv,Qℓ/Zℓ(3)),oo
where F is a group killed by m(Γ).
(iii) Assume that ℓ = p. Then the group Ker
(
H4(K,Qp/Zp(3))→
⊕
v∈X(1) H
4(Kv ,Qp/Zp(3))
)
is isomorphic to (Qp/Zp)
ρ with :
0 ≤ ρ− rank
(
H1(Γ,Z)
Gal (ks/k)
)
≤
∑
v∈|V 1/Gal (k
s/k)|
gv.
Moreover, if gv = 0 for each v ∈ |V 1/Gal (k
s/k)|, then we have an exact sequence :
0 // F // H2(k,Qp/Zp(1) ⊗H1(Γ,Z)) // H
4(K,Qp/Zp(3))

0 (Br k){p}oo
⊕
v∈X(1) H
4(Kv,Qp/Zp(3)),oo
where F is a group killed by m(Γ).
Proof. Observe that, for any finite extension k′ of k, the corestriction morphism
H1(k′,Qℓ/Zℓ(1))→ H
1(k,Qℓ/Zℓ(1))
is surjective. Hence, corollary 4.16 follows from corollary 4.12, provided that we check
that, for each v ∈ |V 1/Gal (k
s/k)|,
H2(Fv, Jv{ℓ}(1)) ∼= (Qℓ/Zℓ)
τv (53)
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for some τv satisfying the inequality
τv ≤
{
ρv, if ℓ 6= p
gv, if ℓ = p
and that
rank
(
H2(k,Qℓ/Zℓ(1)⊗H1(Γ,Z))
)
= rank
(
H1(Γ,Z)
Gal (ks/k)
)
. (54)
Equality (54) can be proved in the same way as equality (52) if one uses Tate’s local
duality over the p-adic field k. As for the isomorphism (53), one can use the following
lemma.
Lemma 4.17. Let A be an abelian variety over a p-adic field k with residue field κ. Let
ℓ be a prime number. Let A be the Néron model of A and let T be the maximal torus of
the special fiber of A. Let ρT be the rank of T .
(i) If ℓ 6= p, then H2(k,A{ℓ}(1)) ∼= (Qℓ/Zℓ)
ρ with ρ = ρT .
(ii) If ℓ = p, then H2(k,A{ℓ}(1)) ∼= (Qℓ/Zℓ)
ρ with ρ ≤ dim A.
Proof. First observe that, by Tate’s duality theorem :
H2(k,A{ℓ}(1)) ∼= H0(k, TℓA
t ⊗ Zℓ(−1))
D.
Since A and At are isogenous, there is a (non-canonical) isomorphism :
H0(k, TℓA
t ⊗ Zℓ(−1)) ∼= H
0(k, TℓA⊗ Zℓ(−1)).
Hence we have to prove that H0(k, TℓA⊗Zℓ(−1)) is a free Zℓ-module of rank ρT if ℓ 6= p
and of rank ≤ dim A if ℓ = p.
(i) We first assume that ℓ 6= p. We then have an isomorphism of Gal (kunr/k)-
modules :
(TℓA)
Gal (ks/kunr) ∼= lim←−
n
ℓnA(k
unr) ∼= lim←−
n
ℓnA(Okunr) ∼= TℓA0
where A0 is the special fiber of A. Hence :
H0(k, TℓA⊗ Zℓ(−1)) ∼= H
0(κ, TℓA0 ⊗ Zℓ(−1)).
Let now A00 be the connected component of the unit in A0. We then have exact
sequences :
0→ A00 → A0 → F → 0 (55)
0→ U × T → A00 → B → 0, (56)
for some finite étale group scheme F , some unipotent group U and some abelian
variety B. By exact sequence (55), we get an isomorphism of Galois modules :
TℓA0 ∼= TℓA
0
0,
so that :
H0(κ, TℓA0 ⊗ Zℓ(−1)) ∼= H
0(κ, TℓA
0
0 ⊗ Zℓ(−1)).
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Moreover, by exact sequence (56), we have an exact sequence of Galois modules :
0→ TℓT → TℓA
0
0 → TℓB.
We therefore have an exact sequence :
0→ H0(κ, TℓT ⊗ Zℓ(−1))→ H
0(κ, TℓA
0
0 ⊗ Zℓ(−1))→ H
0(κ, TℓB ⊗ Zℓ(−1)).
But H0(κ, TℓB ⊗ Zℓ(−1)) = 0 by the Weil conjectures. So we get :
H0(κ, TℓT ⊗ Zℓ(−1)) ∼= H
0(κ, TℓA
0
0 ⊗ Zℓ(−1)).
Hence, to finish the proof, we have to show that H0(κ, TℓT ⊗ Zℓ(−1)) is a free
Zℓ-module of rank ρT . This is obvious when T is a quasi-trivial torus. Now, by
Ono’s lemma, we have an exact sequence :
0→ F0 → R0 → T
n ×R1 → 0
where F0 is a finite étale group scheme, R0 and R1 are quasitrivial tori and n is
some positive integer. Hence we have an exact sequence :
0→ H0(κ, TℓR0⊗Zℓ(−1))→ H
0(κ, TℓT⊗Zℓ(−1))
n×H0(κ, TℓR1⊗Zℓ(−1))→ F1 → 0
(57)
for some finite group F1. Since H
0(κ, TℓR0 ⊗ Zℓ(−1)) and H
0(κ, TℓR1 ⊗ Zℓ(−1))
are free Zℓ-modules, so is H
0(κ, TℓT ⊗ Zℓ(−1)). Moreover, by studying the ranks
of the Zℓ-modules that appear in exact sequence (57), we see that :
rank
(
H0(κ, TℓT ⊗ Zℓ(−1))
)
=
rank
(
H0(κ, TℓR0 ⊗ Zℓ(−1))
)
− rank
(
H0(κ, TℓR1 ⊗ Zℓ(−1))
)
n
=
ρR0 − ρR1
n
= ρT ,
as wished.
(ii) We now assume that ℓ = p. According to the Hodge-Tate decomposition ([2]), we
have an isomorphism of Galois modules :
TpA⊗ Cp(−1) ∼= H
1(A,OA)⊗ Cp ⊕H
0(A,Ω1A/k)⊗ Cp(−1).
Since dim H1(A,OA) = dim A, we deduce that H
0(k, TpA ⊗ Zp(−1)) is a Zℓ-
module of rank at most dim A.
c) Number fields
The case when k is a number field is summarized in the following corollary :
Corollary 4.18. Assume that k is a totally imaginary number field or that k is any
number field and that ℓ 6= 2. We have an exact sequence :
H4(K,Qℓ/Zℓ(3))→
⊕
v∈X(1)
H4(Kv ,Qℓ/Zℓ(3))→ (Br k){ℓ} → 0.
Moreover, the group Ker
(
H4(K,Qℓ/Zℓ(3))→
⊕
v∈X(1) H
4(Kv ,Qℓ/Zℓ(3))
)
is divisible.
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Proof. Observe that, for any finite extension k′ of k, the corestriction morphism
H1(k′,Qℓ/Zℓ(1))→ H
1(k,Qℓ/Zℓ(1))
is surjective. Hence everything follows immediately from corollary 4.12.
We finish this article with a theorem which generalizes Jannsen’s exact sequence (1) to
the field K. To do so, we first need to introduce some notation :
Notation 4.19. Assume that k is a number field. Let Ωk be the set of places of k and
let S be a finite subset of Ωk. For every Galois module M over k, we define the groups :
Q
1
S(k,M) := Coker
(
H1(k,M)→
⊕
π∈S
H1(kπ,M)
)
,
Q
2(k,M) := Coker

H2(k,M)→ ⊕
π∈Ωk
H2(kπ,M)

 ,
X
2(k,M) := Ker

H2(k,M)→ ∏
π∈Ωk
H2(kπ,M)

 .
Theorem 4.20. Assume that k is a number field and let Ωk be the set of places of k.
For π ∈ Ωk, denote by k
h
π the henselization of k at π and by K
h
π the field K ⊗k k
h
π. Let A
be the Gal(ks/k)-module H1(Γ,Z)⊗Qℓ/Zℓ(1). Then there exists a natural complex CK :
(degree 1) (degree 2) (degree 3) (degree 4)
0 // H4(K,Qℓ/Zℓ(3)) //
⊕
π∈Ωk
H4(Khπ ,Qℓ/Zℓ(3)) //
⊕
v∈X(1)
Qℓ/Zℓ // Qℓ/Zℓ // 0
(58)
such that :
(i) H3(CK) = H
4(CK) = 0,
(ii) the group H2(CK) is the quotient of Q
2(k,A) by a subgroup killed by m(Γ) and it
is (non-canonically) isomorphic to (Qℓ/Zℓ)
ρ where ρ = rank
(
H1(Γ,Z)
Gal(ks/k)
)
,
(iii) the group H1(CK) has finite exponent.
If moreover ℓ does not divide m(Γ), then there exist a finite subset S of Ωk and a natural
exact sequence :
Q
1
S(k,A)→ H
1(CK)→X
2(k,A)→ 0.
Lemma 4.21. Keep the notations of theorem 4.20 and take the following notations :
B := Ξ(1);
C := Ker

 ⊕
v∈X(1)
Qℓ/Zℓ(1)→ Qℓ/Zℓ(1)

 .
(i) There is a natural exact sequence :
0→ Q2(k,C)→
⊕
v∈X(1)
Qℓ/Zℓ → Qℓ/Zℓ → 0.
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(ii) There is a natural exact sequence :
0→ F → Q2(k,A)→ Q2(k,B)→ Q2(k,C)→ 0
for some group F which is killed by m(Γ).
(iii) Let S be a finite set of places de k. Assume that ℓ does not divide m(Γ). Then
there are natural isomorphisms :
Q
1
S(k,A)
∼= Q1S(k,B),
X
2(k,A) ∼= X2(k,B).
Proof. (i) We have an exact sequence :
0→ C →
⊕
v∈X(1)
Qℓ/Zℓ(1)→ Qℓ/Zℓ(1)→ 0.
Since for any finite field extension E′/E the corestriction morphismH1(E′,Qℓ/Zℓ(1))→
H1(E,Qℓ/Zℓ(1)) is surjective, we get a commutative diagram with exact lines :
0 // H2(k,C) //
α1

⊕
v∈X(1) Br(k(v)){ℓ}
//
α2

Br(k){ℓ}
α3

0 //
⊕
π∈Ωk
H2(kπ, C) //
⊕
v∈X(1)
⊕
π∈Ωk(v)
Br(k(v)π){ℓ} //
⊕
π∈Ωk
Br(kπ){ℓ}
// H3(k,C) //
α4

⊕
v∈X(1) H
3(k(v),Qℓ/Zℓ(1))
α5

//
⊕
π∈Ωk
H3(kπ, C) //
⊕
v∈X(1)
⊕
π∈Ωk(v)
H3(k(v),Qℓ/Zℓ(1)).
In this diagram, α4 and α5 are isomorphisms by Poitou-Tate theorem. Moreover,
α3 is injective by the Brauer-Hasse-Noether exact sequence. Hence we get an exact
sequence :
0→ Coker(α1)→ Coker(α2)→ Coker(α3)→ 0.
But Coker(α2) ∼=
⊕
v∈X(1) Qℓ/Zℓ and Coker(α3)
∼= Qℓ/Zℓ according to the Brauer-
Hasse-Noether exact sequence. We have there fore obtained the required exact
sequence :
0→ Q2(k,C)→
⊕
v∈X(1)
Qℓ/Zℓ → Qℓ/Zℓ → 0.
(ii) By using exact sequence (45), we get a commutative diagram with exact lines :
H2(k,A) //
β1

H2(k,B) //
β2

H2(k, C) //
β3

H3(k,A) //
β4

H3(k,B)
β5
⊕
π∈Ωk
H2(kπ, A) //
⊕
π∈Ωk
H2(kπ, B) //
⊕
π∈Ωk
H2(kπ , C) //
⊕
π∈Ωk
H3(kπ , A) //
⊕
π∈Ωk
H3(kπ, B).
(59)
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Moreover, by using the existence of the morphism ψ of proposition 4.9, we also
have a commutative diagram :
H2(k,A)
·m(Γ)
((❘❘
❘❘
❘❘
❘❘
❘❘
❘❘
❘
//
β1

H2(k,B)
ψ∗vv❧❧❧
❧❧
❧❧
❧❧
❧❧
❧❧
β2

H2(k,A)
⊕
π∈Ωk
H2(kπ, A)
⊕
π∈Ωk
H2(kπ, A) //
·m(Γ) 77♦♦♦♦♦♦♦♦♦♦♦ ⊕
π∈Ωk
H2(kπ, B)
ψ∗
gg❖❖❖❖❖❖❖❖❖❖❖
(60)
Since β4 and β5 are isomorphisms by Poitou-Tate theorem and since β3 is injective
by theorem 2.5 of [5], we deduce from diagrams (59) and (60) that there is an exact
sequence :
0→ F → Coker(β1)→ Coker(β2)→ Coker(β3)→ 0 (61)
in which F is a group killed by m(Γ). This finishes the proof.
(iii) Since ℓ does not divide m(Γ), proposition 4.9 implies that B ∼= A ⊕ C. Hence
Q
1
S(k,B)
∼= Q1S(k,A) ⊕ Q
1
S(k,C) and X
2(k,B) ∼= X2(k,A) ⊕X2(k,C). But
Q
1
S(k,C) = X
2(k,C) = 0 by theorem 2.5 of [5]. Hence Q1S(k,B)
∼= Q1S(k,A) and
X
2(k,B) ∼= X2(k,A).
Lemma 4.22. Assume that k is a number field and let M be a Galois module over k
which is free of finite type as an abelian group. Set M˜ = M ⊗ Qℓ/Zℓ(1). The group
Q
2(k, M˜ ) is isomorphic to (Qℓ/Zℓ)
ρ where ρ = rank
(
MGal(k
s/k)
)
.
Proof. First observe that, for any finite place π of k, the group H2(kπ, M˜ ) is divisible.
Moreover, if Ω∞k stands for the set of infinite places of k, Poitou-Tate’s exact sequence
implies that the restriction morphism :
H2(k, M˜ )→
⊕
π∈Ω∞
k
H2(kπ, M˜)
is surjective. Hence Q2(k, M˜ ) is divisible.
Let’s now prove the lemma. IfM is a permutation module, the result follows immediately
from the Brauer-Hasse-Noether exact sequence. In general, by Ono’s lemma, there are a
positive integer m and an exact sequence of Galois modules :
0→M ×R0 → R1 → F → 0
in which R0 and R1 are permutation modules and F is finite. Hence one gets an exact
sequence :
0→ F (1)→ M˜m × R˜0 → R˜1 → 0.
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We therefore obtain a commutative diagram with exact lines :
H2(k, F (1))

// H2(k, M˜)m ×H2(k, R˜0)

// H2(k, R˜1)

// H3(k, F (1))
⊕
π∈Ωk
H2(kπ , F (1)) //
⊕
π∈Ωk
H2(kπ , M˜)
m ×H2(kπ , R˜0) //
⊕
π∈Ωk
H2(kπ , R˜1) //
⊕
π∈Ωk
H3(kπ, F (1))
(62)
Hence there is an exact sequence :
0→ F1 → Q
2(k, M˜ )m ×Q2(k, R˜0)→ Q
2(k, R˜1)→ F2 → 0
in which F1 and F2 have finite exponent. Since the lemma holds for permutation modules
and since the group Q2(k, M˜ ) is divisible, we immediately deduce that the lemma holds
for M .
Proof of theorem 4.20. Let R be a complete set of representatives of V 1/Gal(k
s/k). By
lemma 4.17, there is a finite subset S of Ωk such that the group⊕
v∈R
H2(khπ ⊗ Fv , Jv(k
s){ℓ}(1))
vanishes for all π 6∈ S. Hence, by proposition 4.9, we get a commutative diagram with
exact lines :
H1(k,Ξ(1)) //
α1

⊕
v∈RH
2(Fv, Jv(k
s){ℓ}(1)) //
α2

H2(k,Br (K)(2))
α3
⊕
π∈S H
1(khπ ,Ξ(1)) //
⊕
π∈Ωk
⊕
v∈RH
2(khπ ⊗ Fv, Jv(k
s){ℓ}(1)) //
⊕
π∈Ωk
H2(khπ ,Br (K)(2))
// H2(k,Ξ(1)) //
α4

⊕
v∈RH
3(Fv, Jv(k
s){ℓ}(1))
α5

// H3(k,Br (K)(2))
α6

//⊕
π∈Ωk
H2(khπ ,Ξ(1))
//⊕
π∈Ωk
⊕
v∈RH
3(khπ ⊗ Fv, Jv(k
s){ℓ}(1)) //
⊕
π∈Ωk
H3(khπ ,Br (K)(2)).
In this diagram, α5 and α6 are isomorphisms by Poitou-Tate theorem and α2 is an
isomorphism by theorem 1.5(a) of [5], since each Jv has good reduction at almost each
place of Fv. A diagram chase shows that there is a natural exact sequence :
Coker(α1)→ Ker(α3)→ Ker(α4)→ 0 (63)
and an isomorphism :
Coker(α3) ∼= Coker(α4). (64)
Lemmas 4.21 and 4.22, exact sequence (63), isomorphism (64) and proposition 1.2 of [5]
imply the existence of a natural complex CK :
(degree 1) (degree 2) (degree 3) (degree 4)
0 // H4(K,Qℓ/Zℓ(3)) //
⊕
π∈Ωk
H4(Khπ ,Qℓ/Zℓ(3)) //
⊕
v∈X(1)
Qℓ/Zℓ // Qℓ/Zℓ // 0
(65)
such that :
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• H3(CK) = H
4(CK) = 0,
• the group H2(CK) is the quotient of Q
2(k,A) by a subgroup killed by m(Γ) and
it is non-canonically isomorphic to (Qℓ/Zℓ)
ρ where ρ = rank
(
H1(Γ,Z)
Gal(ks/k)
)
,
• if ℓ does not divide m(Γ), then there exist a finite subset S of Ωk and a natural
exact sequence :
Q
1
S(k,A)→ H
1(CK)→X
2(k,A)→ 0. (66)
It only remains to prove that H1(CK) has finite exponent. Let k
′ be a finite extension of
k such that Gal(k′/k) acts trivially on Γ. Then we have an exact sequence :
Q
1
S(k
′, A)→ H1(CK·k′)→X
2(k′, A)→ 0
and the groups Q1S(k
′, A) and X2(k′, A) are trivial. We deduce that H1(CK·k′) = 0, and
a restriction-corestriction argument shows that H1(CK) has finite exponent.
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